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Coordenadas de area ou baricéntricas

Dado um ponto P no interior de um triangulo de area A, definem-se 3
triangulos internos com areas A, A, e A;:

3

A+A+A=A

':‘1+AAZ+§:1 » o, +o,+o,=1
» ° oy =1-a,—a,

1
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As coordenadas

baricéntricas sao
medidas a partir

das arestas:

3
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Coordenadas baricéentricas generalizadas

Considere um poligono Q de n vértices: q,, 4, ..., 4, COM N > 2,

» P € um ponto arbitrario dentro de Q;

» As coordenadas baricéntricas
generalizadas de p em relacao a
{Q;}i=1., SA0 definidas como um
conjunto de coeficientes reais (a4,
a,,..., 0,), dependentes de p e dos

vertices de Q.
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. Combinacao afim: esta propriedade permite usar os vértices do
poligono como uma base para localizar qualquer ponto em seu
Interior,

n n

. Suavidade: o conjunto deve ser infinitamente diferenciavel em
relacao a p e aos vertices de Q;

. Combinacao convexa: todas as coordenadas sao variam entre
Zero e um:

a; >0, V] e[l..n]

MEF - Elementos finitos poligonais 7



» > 0;(a;-p)=0 » Adotando: Ocj=cx)j/kz;ook

=1
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Funcoes de forma de Wachspress

Proposta: o A(d,4.9,.9,,)

I A(qj_l,qj 1p) A(qj ’qj+1’p)

EX.: Representacao ms

d-
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Se escrevermos as coordenadas baricéntricas triangulares
para o ponto p com respeito ao “triangulo da borda”
(destacado):

s
Deducao [
Meyer et al. oo Az ‘
(2002) 7
ds d,
~ A(9,,95.p)
=
Alddz ) AA,00P)  A(d,8P)
_ A(9,9,p) © 0 A0,9,9:) A(0.0,.0)
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Deducao
Meyer et al.
(2002)
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o= A(CI2 3 ’p) a, +(1_

A(9,,9,,9; )

P=0o,q4, +a,q, + a4,

A(d,.05p)  A(d,.4,.p) j 0
A(G,.0,.0;)  A(0y0,.05) )

A(4,.9,.p)

A(9,.9,.,0;)

A(a,.,9,,9;)(P-a,)=A(d,.,9;.p)(a, —9,)+ A(a,.9,.p)(d; - ;)

A(9,.9,.9;)

A(d,.9,,p)A(g,.9,,p)

(p_qz)

%% q)

- A(G,,9, P

oF

11



A(9,.0,.0;) Ca _ 1 _
- A(qz,qg,p)A(ql,qz,p)(p %) A(qliqz,p)(ql q2)+A(qz,q3,p)(q3 %)
Deducao
: A(9s.9;.9,) 1 1
Repetind _a)— _ _
egg(;gn?aﬁ):‘ra A(qliqzip)A(qwa’p)(p ql) A(qS’ql’p)(qS C]l)_|_'A‘((:Il’qZ’p)(q2 ql)

“triangulos das

bordas”: A(d,.95.9,)

OA(qs ’ql’p) A(q4 RE ’p) (p _qS) ) A(q4 s ’p) (q4 _q5)+ A(qs ’qlip) (ql _q5)

a * A(q3’q4’q5) 1 1
: a p-q,)= d;—0,)+ ds -9
A(q4,q5,p)A(q3,q4,p)( ) A(qg,q4,p)( »=4) A(q4,q5,p)( >=4)

Qs a4

...:‘U FG q4/3\q A(q21q3’q4)

A(d,.9,.p)A(d,.0;,P)

Meyer et al.
(2002)
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2 A(9s,9,,9,) B f/ ﬂ/ /9//{
A(d,,d,.p) A(ds,0,.P %) A(ds.9,.p A(d,,d,.p
- A(9,.9,.9) . 5/ ?/ },/ /4
A(d,.,d5.p)A(9,,0,.P) p ) A(d,.9,.p A(d,,0,.p
Somando as 1
expressoes 1%
L :,:" AN A(QZ’%’CM) _ 9/ /{ /Z{ /é
Meyer et al. %/ A(d5,9,.p)A(0,,0s IO %) A(,,05.P A(05.9,,P
e oA g
® p q4
A(a,.95.p)A(a;.9,.P) A(9;.,9,.p A(9,.95.p
 A(9,.95.9) p_ _ ?//4
A(9s,9,,p)A(a,.q5.p) A(d,.ds,P A(9s.,9,.p 7/ %

(2002)
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Deducao

Somando as
expressoes

Meyer et al.
(2002)
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MEF - Elementos finitos
poligonais

A(ql,ﬁféjq;&?ﬁql,p)(p—q1)+
A(qz25(,15’)q/i&2j?q2,p)(p—qz)+
A(quf?éiq/i(ﬂfqg,p)<p-q3)+
A(mgi(?;’)q/i(’gz?qmp)(p—q4)+
Mude%) __p_q,)-g

A(9s,9,,p)A(a,.q5.p)

9

Podemos escrever na forma:

n=>5

S A(9,4.9;.9;.) (a;-p)

j=1 A(qj—l’qj ’p) A(qj ’qj+1’p)

_ A(qj_llqj lqj+1)
AT, 0, ) A 4]

14
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Funcoes de forma

Ni(g): n(x)i ®. = A(qi—11qi’qi+l)
Z(Dk | A(qi—l’qi’g)A(qi ’qi+1’§)

Se o poligono é regular:  A(q;,,0;,0;,,) = A, Vie[1,n]

A (F,) = A(qi—liqi ,@) \ 1

A4(8)=A(a.918)
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Calculo das areas

& & 1
1
A (g) = E Oin Opjq 1
0, 0, 1
1
Ai (&) — E[qZ,i—lF‘.»l + ql,ie.:z + ql,i—qu,i — q2,i—1q1,i — ql,i—le.vz _ qz,iil]
1
Ai (ﬁ) = E[(qz,i—l —{y; )§1 T (ql,i - ql,i—l)gz T 0l — CIz,i—lql,i]



Calculo das derivadas

Ai (&.,) = %[(qz,i—l - qz,i )‘21 T (qLi o qLi—l)E.»z T ql,i—lqz,i o qz,i—lql,i:|
2_21 — %(qz,il _Q2,i) 2_212 :%(qm _ql,i—l)
o o1 (MG, . e Aal®)
TARALG) (A(é)ﬁm(%))z( g, BT ARTS )
oo, 1 ( 1 0A(), 1 aﬁm(é))
& AR)ALG)AE) &  A.E) %,
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Calculo das derivadas
o, :_m_( 1 0A(E) 1 am(a)}
'\ A

i — +
oS, (&) &  A.(8) &
Ni (g) = n(Di ‘ gzl - = 2(;' +(0i 62 n .
k k k
® ® ®
oN, 1 Oo, I " 0w,
6, & og, (o V5o
E.’k Z(Dj E:tk [ijj =1 E:fk
=1 j=1
oN, 1 (ami_N_Z”:%j
& & \og e
0.
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Elemento de referéncia

Mapeamento
Isoparametrico (o)
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Ni,§1 X&l y’&l N'X
y . = 3
\Niéz, _X@z y,gz_ N'V

rNi,x\ (Nigl\

4 b =J '

\Niay \Niéz

NI,X rNi,gl
3 s =T+ S
\Ni'y Ni@z,
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oN,

0,
oN,

G,

Y1
Y

Y
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Deformacoes

OX

1 0 0 o]|ou
oy
10 0 0 1]
oV

0110

ox
N
L0y,
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1 0 0 0]
0 0 0 1

0110
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Deformacoes

o
0&,
u
0S,
Nz
0%,
o
Gy
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oN,
0,
oN,
oS,

ON
oS,

ON
0S,

ON
oS,

ON

0c, |
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1 0 0 O]
=10 0 0 1

0110

l—*11
1_*21

1_‘22_

EX
0,

N,
oS,
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oN,

oS,

oN,

JS,
o
0%,
o
dS,

oN,
0%,
oN,
oS,

ON
0S,

ON
0S,

ON
oS,

ON

0c, |




Integracao numerica

MEF - Elementos finitos poligonais

A integracéo para calculo da matriz de
rigidez do elemento é realizada no dominio
do elemento padrao considerando o fator de
escala da transformacéo linear atraves do
determinante do jacobiano do mapeamento:

k. =t[[B'CB|J|dede,
Q

f=tB'CB

25



Integracao
numeérica

<SUFG
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O elemento padréo é particionado em triangulos a fim de que
seja possivel utilizar uma pontos de Gauss ja conhecidos:

(K "l

26



IS VA 3
Mapeamento |
do triangulo
: | N;(Em)=1-&-n
& (Em) =2 Ni(&m)g,
. Ny (Em)=¢&
iz(‘:,n)zle.t(@ﬂ)ilz Nlt(};,n):n
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n n

e(Em)=Y N{(Em)E &, (Em)=D Ni(Em)E,

- t A — = r t 3
E,‘l& T Nutgzz'az,g < Ni,& él,& éZé Ni,il

> = 3 -

t t t
+N|§2§2ﬂ \Ni’n) él,n aZ,n_ \Ni,ﬁzj

_ t
N|§1

Matriz _ N\
Jacobiana

'alalﬂ

-

Jt

ﬁNf aNé 5N; Cel el
og, 05, 04
5Nf 8N; 5N;

¢2UFG 0E, 0, 0, |
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1 1 3
1/6 2/3 1

Integracao
numeérica

n 11-¢

[ £19]dede, =Zj | £13;[9|de dn

11-¢ npG

H f‘Jf“\]‘didnzéé‘\]m\]‘wjf(ﬁlj,ﬁzj)




11-¢

npG
H f‘Jf“J‘didnz%jZ_;‘Jf“J‘wjf(ilj,ﬁzj)

Pontos de

2/3 | -

| |
1/6 | ===~ —dp=>c - -

1/6 2/3 1

Substitui os pontos de Gauss em:

‘ilj (ggj g ) = Z Nit(ggj g )gll &2] (ggj T g; ) = Z Nit(agj T g; )82
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