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Abstract

Cavalcanti,Danilo Borges; Roehl, Deane (Advisor); Martha, Luiz Fer-
nando (Co-Advisor); de Pouplana, Ignasi (Co-Advisor). Finite Ele-
ment Method with Embedded Strong Discontinuities for Cou-
pled Hydro-Mechanical Problems. Barcelona, 2026. 164p. Tese de
Doutorado — Departamento de Civil and Environmental Engineering,
Pontifical Catholic University of Rio de Janeiro.

Coupled hydro—mechanical (HM) processes in fractured porous media
govern the performance and safety of several subsurface engineering applica-
tions, where pressure-driven changes in stress and permeability can control in-
jectivity, leakage pathways, and fault reactivation potential. This thesis devel-
ops a robust and versatile finite element formulation for transient HM problems
in the presence of pre-existing strong discontinuities that remains practical for
integration into standard finite element workflows. The proposed approach
is formulated within the Embedded Finite Element Method (E-FEM) and
grounded on the Strong Discontinuity Approach (SDA), enabling an implicit
representation of fractures and faults while circumventing mesh conformity
constraints. A unified description is introduced to model discontinuities acting
either as preferential flow paths or as hydraulic barriers, capturing the longitu-
dinal flow along the discontinuity and the transversal exchange with the porous
matrix in steady-state and transient settings. The formulation is systematically
verified against discrete fracture models with interface elements and applied to
benchmark problems representative of fractured-reservoir conditions, including
a coupled fault reactivation scenario. In addition, the thesis investigates the
occurrence of spurious oscillations in cohesive traction fields along embedded
discontinuities and demonstrates that the choice of an SDA-based embedded
formulation can markedly improve traction smoothness. These improvements
strengthen the use of E-FEM for HM assessments involving pre-existing frac-

tures and faults.

Keywords
Embedded Finite Element; Strong Discontinuity Approach; Coupled

hydromechanical problems.



Resumo

Cavalcanti,Danilo Borges; Roehl, Deane; Martha, Luiz Fernando; de Pou-
plana, Ignasi. Finite Element Method with Embedded Strong
Discontinuities for Coupled Hydro-Mechanical Problems. Bar-
celona, 2026. 164p. Tese de Doutorado — Departamento de Civil and
Environmental Engineering, Pontifical Catholic University of Rio de Ja-
neiro.

Processos hidromecéanicos (HM) acoplados em meios porosos fraturados
governam o desempenho e a seguranca de diversas aplicagoes de engenharia
de subsuperficie, nas quais alteragoes de tensdao e permeabilidade induzidas
pela pressao podem controlar a injetividade, caminhos de fuga e o potencial
de reativacao de falhas. Esta tese desenvolve uma formulacao de elementos
finitos robusta e versatil para problemas HM transientes na presenca de
descontinuidades fortes pré-existentes, mantendo-se pratica para integragao
em fluxos de trabalho padrao de elementos finitos. A abordagem proposta é
formulada no &mbito do Método dos Elementos Finitos Embutidos (E-FEM) e
fundamentada na Abordagem de Descontinuidade Forte (SDA), permitindo a
representacao implicita de fraturas e falhas sem exigir conformidade de malha.
Introduz-se uma descri¢ao unificada para modelar descontinuidades que atuam
tanto como caminhos preferenciais de escoamento quanto como barreiras
hidraulicas, capturando o fluxo longitudinal ao longo da descontinuidade e
a troca transversal com a matriz porosa em regimes estacionario e transiente.
A formulacao é verificada sistematicamente em comparacao com modelos de
fratura discreta com elementos de interface e aplicada a problemas de referéncia
representativos de condi¢oes de reservatorios fraturados, incluindo um cenéario
acoplado de reativagao de falhas. Além disso, a tese investiga a ocorréncia de
oscilacoes espurias em campos de tensao coesiva ao longo de descontinuidades
embutidas e demonstra que a escolha de uma formulagao embutida baseada
em SDA pode melhorar significativamente a suavidade e a confiabilidade das
tensoes coesivas, reforcando o uso do E-FEM para avaliacoes HM envolvendo

fraturas e falhas pré-existentes.

Palavras-chave
Elementos Finitos; Descontinuidades Fortes Embutidas; Problemas

Hidromecénicos Acoplados.



Resumen

Cavalcanti,Danilo Borges; Roehl, Deane; Martha, Luiz Fernando; de Pou-
plana, Ignasi. Método de los Elementos Finitos con Discontinui-
dades Fuertes Embebidas para Problemas Hidromecanicos Aco-
plados. Barcelona, 2026. 164p. Tese de Doutorado — Departamento de
Civil and Environmental Engineering, Pontifical Catholic University of
Rio de Janeiro.

Los procesos hidromecéanicos (HM) acoplados en medios porosos fractu-
rados gobiernan el rendimiento y la seguridad de numerosas aplicaciones de
ingenieria del subsuelo, donde los cambios de tensiones y permeabilidad in-
ducidos por la presion pueden controlar la inyectividad, las vias de fuga y el
potencial de reactivacion de fallas. Esta tesis desarrolla una formulacién de ele-
mentos finitos robusta y versatil para problemas HM transitorios en presencia
de discontinuidades fuertes preexistentes, manteniéndose practica para su inte-
gracion en flujos de trabajo estandar de elementos finitos. El enfoque propuesto
se formula en el marco del Método de Elementos Finitos Embebidos (E-FEM)
y se fundamenta en el Enfoque de Discontinuidad Fuerte (SDA), lo que permi-
te una representacion implicita de fracturas y fallas sin exigir conformidad de
malla. Se introduce una descripcién unificada para modelar discontinuidades
que actuan tanto como vias preferenciales de flujo como barreras hidraulicas,
capturando el flujo longitudinal a lo largo de la discontinuidad y el intercam-
bio transversal con la matriz porosa en regimenes estacionario y transitorio.
La formulacion se verifica de forma sistematica frente a modelos de fractura
discreta con elementos de interfaz y se aplica a problemas de referencia re-
presentativos de condiciones de reservorios fracturados, incluido un escenario
acoplado de reactivacién de fallas. Ademas, la tesis investiga la aparicién de
oscilaciones espurias en campos de traccion cohesiva a lo largo de discontinui-
dades embebidas y demuestra que la eleccion de una formulaciéon embebida
basada en SDA puede mejorar notablemente la suavidad y la fiabilidad de las
tracciones, reforzando el uso de E-FEM para evaluaciones HM que involucren

fracturas y fallas preexistentes.

Palabras clave
Elementos finitos embebidos; Enfoque de discontinuidad fuerte; Proble-

mas hidromecanicos acoplados.



Resum

Cavalcanti,Danilo Borges; Roehl, Deane; Martha, Luiz Fernando; de Pou-
plana, Ignasi. Meétode dels Elements Finits amb Discontinuitats
Fortes Incrustades per a Problemes Hidromecanics Acoblats.
Barcelona, 2026. 164p. Tese de Doutorado — Departamento de Civil and
Environmental Engineering, Pontifical Catholic University of Rio de Ja-
neiro.

Els processos hidromecanics (HM) acoblats en medis porosos fracturats
governen el rendiment i la seguretat de diverses aplicacions d’enginyeria del
subsol, en que els canvis de tensié i permeabilitat induits per la pressio
poden controlar la injectivitat, les vies de fugida i el potencial de reactivaci
de falles. Aquesta tesi desenvolupa una formulacié d’elements finits robusta
i versatil per a problemes HM transitoris en presencia de discontinuitats
fortes preexistents, i que es manté practica per a la integracié en fluxos
de treball estandard d’elements finits. L’enfocament proposat es formula en
el marc del Metode d’Elements Finits Encabit (E-FEM) i es fonamenta en
I’Approach de Discontinuitat Forta (SDA), cosa que permet una representaci
implicita de fractures i falles sense requerir conformitat de malla. S’introdueix
una descripcié unificada per modelar discontinuitats que actuen tant com
a camins preferents de flux com com a barreres hidrauliques, capturant el
flux longitudinal al llarg de la discontinuitat i l'intercanvi transversal amb
la matriu porosa en regims estacionari i transitori. La formulaci6 es verifica
sistematicament en comparacié amb models de fractura discreta amb elements
d’interficie i s’aplica a problemes de referéncia representatius de condicions de
reservoris fracturats, incloent-hi un escenari acoblat de reactivacié de falles.
A més, la tesi investiga 'aparicié d’oscillacions esptries en camps de traccid
cohesiva al llarg de discontinuitats encabides i demostra que l’eleccié d'una
formulacié encabida basada en SDA pot millorar de manera notable la suavitat
i la fiabilitat de les traccions, reforcant 1'is d’E-FEM per a avaluacions HM

que impliquin fractures i falles preexistents.

Paraules clau
Elements finits incrustats; Enfocament de discontinuitat forta; Proble-

mes hidromecanics acoblats.
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1
Introduction

1.1
Motivation

The safe and efficient use of the subsurface increasingly relies on large-
scale operations that perturb the in-situ pore-pressure and stress fields of
fractured porous media. Such perturbations are inherent to geological storage
of carbon dioxide (CO,) [11, 12], underground storage of hydrogen (Hz) [13, 14],
enhanced geothermal systems (EGS) [15, 16, 17, 18], and deep geological
repositories for nuclear waste [19, 20, 21, 22|. Across these application domains,
pre-existing fractures and faults frequently dominate system response, because
they concentrate deformation, control permeability anisotropy, and provide
preferential pathways or barriers for fluid migration. Besides, these operations
lead to coupled processes: pore-pressure diffusion alters effective stresses and
may promote slip and aperture changes, while the evolving fracture state feeds
back into permeability and pressure propagation [1, 23, 24]. This coupled
hydro-mechanical (HM) setting is summarized schematically in Fig. 1.1, which
highlights near-well interactions between matrix deformation, matrix—fracture

transfer, and stress- and slip-dependent transmissivity.

Fluid transfer
matrix-fracture
¥

Slip-induced
stress and
transmissivity

changes

(_T_, Poroelastic
matrix
deformation

/

\

Figure 1.1: Representation of coupled HM processes in a fractured porous
medium in the vicinity of an injection well (adapted from Vaezi et al. [1])

These issues are central to geological CO, storage, where injection-
induced pressurization is used to place CO, into deep formations while main-

taining containment over long timescales [25]. Field and numerical studies have
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shown that relatively modest changes in pressure and temperature can acti-
vate critically stressed faults, alter permeability, and trigger felt seismicity,
with consequences that range from loss of injectivity to leakage risk or in-
duced earthquakes [11, 12, 26, 27, 28]. In this context, fault reactivation is
a primary integrity concern because slip and transmissivity changes can con-
nect pressurized reservoirs to overlying formations, and seismic events may
undermine public acceptance and regulatory feasibility. Figure 1.2 shows the

potential impacts of fault reactivation during COs injection.

gtructure’a)l Haman
amage”? :
erception?
Ground b P P
vibrations o
 Jamee - S B—
7———- T — e ———)
Seismic Wave
">0.8 km . ,
" v '1 v : > : E l: T

i

: _. Fault slip and
/ --}---"  seismic source

Figure 1.2: Fault reactivation induced due to CO; injection and its potential
impacts [2]

Across CO, storage, Hy storage, EGS, and nuclear waste disposal, the
most critical operational risks and performance limits are tied to the HM re-
sponse of fractures and faults-reactivation of critically stressed discontinuities,
stress-dependent changes in transmissivity and connectivity, and interactions
between stimulated and pre-existing fracture sets [1, 24]. Besides, the avail-
able field data, while essential, is typically insufficient to fully characterize
these coupled mechanisms or to extrapolate behavior to future operational
scenarios. For these reasons, numerical simulations based on coupled HM for-
mulations play a central role in subsurface engineering practice and research.
They are used to [29]:
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» Site characterization and operational planning: help determine the in-
jection capacity [30], and specify operating conditions, such as injection
pressure and volume, avoiding fault reactivation and fracture initiation
[31];

» Risk assessment: assess fault stability, induced-seismicity, and leakage
potential [32, 33, 34];

o Interpret monitoring data: verify that the project is operating as pre-
dicted by verifying the monitoring result with the simulation ones, as
surface deformation, microseismicity, and pressure records in terms of

subsurface stress and permeability evolution [35, 36].

This motivates the development of robust coupled HM numerical tools that
can represent pre-existing strong discontinuities, while remaining practical for

large-scale applications.

1.2
Objectives

The primary objective of this thesis is to develop a robust and versatile

numerical formulation for transient hydro-mechanical processes in fractured

porous media that:

« provides a simple and practical workflow for model set-up and analysis;

« accommodates a wide range of scenarios relevant to subsurface engineer-
ing applications;

« can be integrated into standard finite element (FE) frameworks with

minimal modifications.

To achieve the primary objective, the following specific objectives are

pursued:

e to adopt an embedded representation in which discontinuities are intro-

duced implicitly, simplifying model and mesh generation;

o to formulate a fully coupled hydro-mechanical approach in which dis-
continuities may act either as barriers or as preferential flow paths, while

remaining applicable to transient problems;

e to enable an element-level treatment of discontinuity-related degrees
of freedom through static condensation, facilitating incorporation into
existing FE codes;

e to conduct a systematic numerical assessment of the behavior of embed-
ded formulations, with emphasis on their influence on spurious oscilla-

tions of cohesive tractions.



Chapter 1. Introduction 18

1.3
Thesis outline

This thesis is presented as a compendium of articles. The purpose of
this document is to provide a unified presentation of the formulations and the
supporting literature review underlying the included publications.

Chapter 1 introduces the motivation and objectives, and summarizes
the scientific context and research outputs. Chapter 2 reviews the state of
the art on the finite element modeling of strong discontinuities in porous
media. Chapter 3 presents the strong form of the governing equations for
coupled hydro—mechanical processes in deformable porous media with strong
discontinuities. Chapter 4 develops the embedded finite element formulation
based on the Strong Discontinuity Approach. Chapter 5 summarizes the main
contributions and outlines perspectives for future work.

The articles forming the compendium are included in Appendix A.
Appendix B details the elastoplastic cohesive law adopted in the mechanical
formulation. Appendix C presents the derivation of the enhanced deformation
modes. Appendix D collects the derivations and definitions of the discretized

system matrices and vectors.

1.4
Research dissemination

Articles in peer-reviewed journals

This thesis is presented as a compendium of the following articles:

1. Cavalcanti, D., Mejia, C., Roehl, D., de-Pouplana, 1., Casas, G., and
Martha, L. F. (2024). Embedded Finite Element formulation for fluid

flow in fractured porous medium. Computers and Geotechnics, 171,

106384.

2. Cavalcanti, D., Mejia, C., Roehl, D., de-Pouplana, I., and Onate, E.
(2024). Hydromechanical embedded finite element for conductive and

impermeable strong discontinuities in porous media. Computers and
Geotechnics, 172, 106427.

3. Cavalcanti, D., Mejia, C., Souza, C., Mendes, C. A., de-Pouplana, 1.,
Casas, G., Roehl, D. (2025). Behavior of Cohesive Stresses in Embedded
Finite Elements Based on the Strong Discontinuity Approach. Finite
Elements in Analysis and Design, 253, 104485.
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Presentations at international conferences
During the PhD, the partial advances and results were presented in the

following international conferences:

1. XLIIT Ibero-Latin-American Congress on Computational Methods in
Engineering (CILAMCE 2022), Foz do Iguagu/PR, Brazil, November
2125, 2022.

2. XVII International Conference on Computational Plasticity (COMPLAS
2023), Barcelona, Spain, September 5-7, 2023.

3. XLIV Ibero-Latin-American Congress on Computational Methods in
Engineering (CILAMCE 2023), Porto, Portugal, November 13-16, 2023.

4. 9% FEuropean Congress on Computational Methods in Applied Sciences
and Engineering (ECCOMAS 2024), Lisbon, Portugal, June 3-7, 2024.

5. XVIII  International Conference on Computational Plasticity
(COMPLAS), Barcelona, Spain, September 2-5, 2025.

Numerical implementations

The computational implementations were performed in the multiphysics
framework GeMA (Geo Modeling Analysis), a C++ framework for multi-
physics and multiscale simulations that offers plugin-based extensibility, Lua-
scripted orchestration, and coupling of multiple physics on distinct meshes.!
(37, 38].

For prototyping the numerical formulations, a MATLAB framework
named PorousLab? was developed by the author. It is an open-source, object-
oriented finite element (FEM) framework designed to facilitate rapid proto-

typing and teaching of coupled porous-media formulations.

Thttps://web.tecgraf.puc-rio.br/gema/
Zhttps://github.com/dbcavalcanti/porousLab



2
Finite element modeling of strong discontinuities

A variety of numerical methods are available for the numerical sim-
ulation of deformation and flow in geomaterials, including finite difference
methods (FDM), finite volume methods (FVM), the finite element method
(FEM), boundary element methods (BEM), discrete or distinct element meth-
ods (DEM), and hybrid finite-discrete approaches [39, 40, 41]. For solid me-
chanics and for many coupled thermo—hydro—mechanical (THM) applications
in geomaterials, finite elements are the reference method. FEM emerges natu-
rally from a variational weak form of the balance equations, handles unstruc-
tured meshes and arbitrary element shapes with high-order interpolation, and
is particularly well suited to complex constitutive models, mixed formulations,
and multi-field couplings [42]. Consequently, many widely used multiphysics
simulators adopt FEM such as GeMA [37, 38], CODE_BRIGHT [43], Open-
GeoSys [44], and MOOSE [45].

In this chapter, a review of commonly used approaches for strong
discontinuities modelling based on the FEM for hydromechanical problems
is presented, with emphasis on discrete fracture models (DFM), equivalent
continuum models (ECM), the extended finite element method (XFEM), the
Discontinuity-Enriched Finite Element Method (DE-FEM), and embedded
finite element methods (E-FEM). Beyond these formulations, several other
FEM-based strategies have been proposed for the numerical treatment of
fractures in geomaterials. Examples include coupling finite elements (CFE) [46,
47], Lagrange multipliers [48, 49], phase-field approaches to fracture [50, 51,
52, 53], and discontinuous Galerkin formulations [54, 55]. Comprehensive
reviews are available on general numerical methods in rock mechanics [39],
computational methods for fracture in brittle and quasi-brittle solids [40],
finite-element-based models for quasi-brittle cracking [56], flow in fractured

porous media [23], and THM modeling of coupled processes in fractured
rock [1].

2.1
Discrete fracture models

In a discrete fracture model, fractures are represented explicitly as
lower-dimensional entities in the continuum domain. In the finite element
context, this is typically achieved either by inserting zero-thickness interface

elements along element boundaries [57, 58, 59, 60, 61, 62, 63], or by using
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high-aspect-ratio (HAR) elements [64, 65, 66, 67|, as illustrated in Fig 2.1.
Their main difference lies in the fact that the interface elements require a
traction-separation law or a fracture-specific transmissivity and storage model
[58, 59, 61, 68]. In contrast, HAR elements use continuum constitutive laws,

since they are formulated based on the Continuum Strong Discontinuity
Approach [69, 70].

Interface element

High aspect ratio finite element

Tn_)b. =0

Figure 2.1: Discrete fracture model with interface elements

The main advantage of DFM formulations is their physical transparency.
Since fractures are explicitly represented, it is straightforward to prescribe dif-
ferent mechanical or hydraulic properties to the fractures and the surrounding
matrix, track opening, sliding, or aperture evolution, and post-process quan-
tities along the discontinuity [58, 59, 60]. This explicit representation also
facilitates the incorporation of complex interface laws, for example nonlinear
cohesive behavior, contact, or aperture-dependent flow, and makes it possi-
ble to combine different fracture types within the same model, from highly
conductive to nearly sealing fractures [61, 62, 68].

The main drawback is the strong constraint imposed on mesh generation:
the grid must conform to each fracture and to all their intersections, which be-
comes particularly demanding in three dimensions and for dense or stochastic
networks [60, 23, 71]. Constructing high-quality conforming meshes can require
algorithms that balance geometric fidelity and element quality, since the re-
sulting mesh may contain very small or highly stretched elements that degrade
conditioning and restrict the time step in transient analyses [57, 72]. Recent

work on fracture-conforming mesh generation for DFM has addressed many
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of these issues but still highlights the trade-off between geometric fidelity and
mesh quality in complex fracture networks [72, 73, 74, 75, 71].

DFM approaches have been widely used in different multiphysics set-
tings. For flow problems, DFM formulations have been used for single-phase
Darcy flow and multiphase flow in fractured reservoirs [76, 77|, as documented
in benchmark studies and reviews of conceptual and numerical models for frac-
tured porous media [57, 23]. For practical coupled hydromechanical problems,
it has been successfully used in applications such as assessing fault reactivation
[78, 79, 80, 81, 82| and hydraulic fracturing [68, 83, 84].

2.2
Continuum approaches

Equivalent continuum models treat the fractured rock mass as an effective
porous medium in which the detailed fracture geometry is not resolved explic-
itly. Instead, the combined effect of fractures and matrix is represented through
upscaled properties such as permeability, porosity, storage capacity, thermal
and mechanical parameters [85]. Within this family, single-continuum, and
multi-continuum formulations can be distinguished, together with more recent
variants such as the equivalent fracture layer concept [86]. These approaches
are well established in hydrogeology and reservoir engineering and are increas-
ingly used for coupled thermo—hydro—mechanical simulations in fractured rock
(87, 88, 1].

In single-continuum or equivalent porous medium (EPM) models, the
fractured formation is described by a single Darcy continuum with an effective
permeability tensor and porosity that account for both matrix and fractures.
Upscaling procedures include analytical effective-medium approaches based on
fracture orientation, aperture, and density [89, 90] and numerical upscaling, in
which fine-scale flow problems are solved to obtain grid-block permeabilities
and, when needed, anisotropic tensors [91, 87, 88]. These models are computa-
tionally efficient and straightforward to implement in standard finite element
formulations for flow and coupled hydro—mechanical problems, as the only
change is in the determination of the constitutive parameters based on ho-
mogenized coefficients/tensors.

The applicability of single-continuum models is conditioned by the ex-
istence of a representative elementary volume (REV) and a sufficient scale
separation between fractures and the numerical grid [23, 92]. When fracture
spacing is small compared to the element size and fracture connectivity is
high, an equivalent permeability tensor can be defined that reproduces the

large-scale flow response of the discrete system [89, 87]. In contrast, when the
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fracture network is sparse, strongly channelized, or dominated by a few major
features, equivalent continuum properties become highly scale-dependent and
may fail to capture preferential pathways or strong heterogeneities.
Multi-continuum models extend the EPM concept by representing frac-
tures and matrix as overlapping continua coupled by transfer terms, as sketched
in Fig. 2.2. In classical double-porosity and dual-permeability (DPDP) formu-
lations, the fractured rock is decomposed into a high-permeability, low-storage
fracture continuum and a low-permeability, high-storage matrix continuum,
with mass exchange governed by transfer functions or shape factors derived
from idealized block geometries such as the sugar-cube model [93, 94, 95, 96].
In this view, the DPDP system superposes a fracture continuum onto the rock-
matrix continuum, and the fracture network enters the model mainly through
the structure and parameters of the transfer function, Fig. 2.2. The multiple
interacting continua (MINC) method and subsequent multiple-continuum gen-
eralizations refine this idea by introducing nested continua to resolve gradients
inside the matrix blocks or additional pore domains [97, 98]. These formula-
tions have been extended to coupled THM settings through double-porosity
poromechanical models, in which separate pressures and, in some cases, tem-
peratures are assigned to fractures and matrix, and the effective stress law is

generalized accordingly [99, 100].

Porous
matrix
- J Transfer function
Fractureq Idealized sugar- | Fractures |
porous medium cube model

Figure 2.2: Schematic DPDP representation of a fractured porous medium:
overlapping fracture and matrix continua coupled through a transfer function,
typically derived from an idealized sugar-cube conceptualization of the fracture
network

In practice, standard DPDP formulations rely on transfer functions
calibrated for relatively regular and homogeneous fracture configurations, and
are therefore unsuitable for complex or highly heterogeneous fracture networks

[95, 96]. Recent work has begun to relax this limitation by using machine-
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learning techniques to infer effective transfer functions from detailed discrete-
fracture simulations, thus extending the DPDP concept to more irregular
fracture systems [101].

The main advantage of multi-continuum models is their ability to cap-
ture fracture-matrix interaction without resolving individual fractures in the
numerical mesh. This makes them particularly attractive for large-scale sim-
ulations and for problems with strong contrasts between fracture and matrix
hydraulic or mechanical properties. Their limitations stem from the underlying
conceptual assumptions (idealized block geometry, parameterization of shape
factors, choice and structure of the continua) and from the difficulty of cali-
brating exchange terms from field data. Moreover, because fractures are not ex-
plicitly represented, it is challenging to resolve localized mechanical responses
such as fracture opening/closure, shear slip, or strongly anisotropic stress re-
distributions. To alleviate some of these drawbacks, Vaezi et al. [86] proposed
an enhanced equivalent-continuum formulation, termed Equivalent Fracture
Layer, for linear-elastic porous media, which preserves fracture transmissivity,
storage, and stiffness so as to recover the dominant features of flow, stress, and
deformation. A similar concept is used by Constitutive Law with Embedded
Discontinuity (CLED) [102, 103], which defines equivalent constitutive ten-
sors, considering the presence of a strong discontinuity, in hydro-mechanical

problems.

2.3
Extended/Generalized Finite Element Method

The Extended finite element method (XFEM) allows discontinuities to be
represented without having the finite element mesh conform to their geometry,
as shown in Fig. 2.3. This is achieved through an enrichment of the primary

fields following a Partition of Unity to discretize them [104, 105, 106, 107, 108,
109].
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Standard element

Enriched element

Figure 2.3: XFEM mesh for a domain with a strong discontinuity (Adapted
from Khoei [3])

The main advantages of XFEM for fracture modeling stem from the
mesh-independence of the discontinuity representation. Since the discontinu-
ity geometry does not need to conform to element boundaries, it is possible to
introduce complex fracture networks (non-planar, branched, intersecting) and
to let them propagate according to local fracture criteria without remeshing.
This approach is particularly attractive in three dimensions and when fracture
paths are not known a priori [107, 110, 3]. XFEM maintains the continuum
finite element framework in the bulk, so that it can be coupled with advanced
constitutive models, poromechanical formulations, and multi-field couplings in
a relatively natural way [3]. Cohesive and frictional laws along the disconti-
nuity can be implemented directly in the enriched formulation, which allows
one to describe, within a single framework, crack initiation and propagation,
opening/closure, shear slip, and possible reactivation of pre-existing fractures
in response to changes in stress and pore pressure [110, 111]. Several works
have also shown that, when appropriate enrichments and integration strate-
gies are used, XFEM formulations can be made equivalent to zero-thickness
interface elements, providing a useful bridge between interface-based DFMs
and enriched formulations [112].

These advantages come at the price of several numerical and implementa-
tion difficulties. Accurate integration over cut elements is nontrivial, especially
in three dimensions and in the presence of multiple or intersecting discontinu-
ities. In this case, numerical integration may require elaborate subcell construc-
tions or high-order quadrature rules [113], as illustrated in Figure 2.4. Overall,
XFEM formulations are considerably more complex to implement than classi-

cal interface-element DFMs or equivalent continuum approaches [114, 3].
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1/6 |

Figure 2.4: Example of numerical integration in a quadrilateral element cut by
a discontinuity using subcell quadrature.

Despite these challenges, XFEM has been extensively used to model
geological media, particularly in problems that couple deformation and fluid
flow in fractured rocks. In this context, discontinuities can be represented either
as highly conductive features or as barriers to flow, allowing XFEM to capture
a wide range of hydraulic behaviors in fractured systems [115, 116, 117].
In coupled hydro—mechanical settings, XFEM has been adopted to model
fracture initiation and propagation in saturated and multiphase porous media,
including two-phase fluid flow in deformable fractured rock and THM fracture
processes [111, 118, 119]. More specialized developments employ XFEM to
simulate hydraulic fracturing in porous formations with proppant transport
and tip screen-out [118, 120].

2.4
Discontinuity-Enriched Finite Element Method

The Discontinuity-Enriched Finite Element Method (DE-FEM) was pro-
posed by Aragén and Simone [4] as an enriched finite element formulation for
problems with weak and strong discontinuities, while keeping the finite element
mesh independent of the discontinuity geometry. In DE-FEM, the background
mesh is left unchanged and elements intersected by interfaces or cracks are
subdivided into an internal integration mesh. On this submesh, enrichment
functions are built as linear combinations of the Lagrange shape functions of
the integration elements so that they reproduce jumps in the primary field
and/or in its gradient along the discontinuity, as illustrated in Fig. 2.5. Ad-
ditional enriched degrees of freedom are attached to the nodes created at the
intersections between the discontinuity and the finite element mesh, are shared
by all neighbouring cut elements, and are treated as global variables. The en-
richment functions are constructed to vanish at all original mesh nodes, which

preserves the Kronecker-delta property of the standard finite element basis
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and allows essential boundary conditions to be prescribed exactly at physical

nodes, as in classical FEM.
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Figure 2.5: Example of construction of the discontinuous enrichment function
in a quadrilateral element cut by a crack [4].

For problems with strong discontinuities, DE-FEM introduces both weak
and strong enrichment functions associated with the same enriched nodes [4, 5].
In both two and three-dimensional settings, geometric processing is required to
generate a conforming integration mesh inside cut elements and to manage the
hierarchical subdivision induced by multiple weak and strong discontinuities
within a single element [5], as shown in Fig. 2.6. This hierarchical construction
has been further exploited to treat complex configurations such as intersecting
cracks, multi-material junctions, and polycrystalline microstructures within a
unified formulation [121, 122].

Level O Level 1 Level 2 —

Figure 2.6: Hierarchical subdivision of a tetrahedral element cut by two
discontinuities in the DE-FEM [5].
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Compared with XFEM, DE-FEM preserves the mesh-independent rep-
resentation of discontinuities but with a more compact and standard finite
element structure. Enriched degrees of freedom are associated only with nodes
lying on the discontinuity, rather than with all nodes of intersected elements,
Fig. 2.3, so the increase in global unknowns is moderate and scales primarily
with the extension of the discontinuity [4, 5]. The original nodal unknowns
and connectivity remain unchanged, which simplifies implementation and fa-
cilitates the strong imposition of Dirichlet boundary conditions, including in
immersed-boundary applications [123]. Numerical studies show that DE-FEM
achieves convergence rates comparable to fitted-mesh FEM for problems with-
out singular fields and that the conditioning of the global stiffness matrix scales
with mesh size in essentially the same way as for standard FEM, indicating
good stability under mesh refinement [5, 123].

To date, DE-FEM developments have focused almost exclusively on solid
and fracture mechanics applications. Extensions of the method to model flow
in porous media or fully coupled hydro—mechanical and THM processes in
fractured rock have not yet been reported. The DE-FEM is reviewed here
because it shares several key features with XFEM and with the E-FEM

formulations.

2.5
Embedded Finite Element Method

The Embedded Finite Element Method (E-FEM) shares with XFEM and
DE-FEM the goal of representing discontinuities without forcing the mesh con-
formity to discontinuity geometry, and both rely on enrichment functions to
capture their presence. The key difference lies in the localization of the en-
richment [7, 124, 125]. In classical XFEM, based on the partition-of-unity
concept, enriched degrees of freedom (DOFs) are attached to the nodes of the
background mesh and are shared by neighbouring elements, Fig. 2.3, which
leads to a global increase in the system size. In the original SDA-based embed-
ded formulations, the discontinuity is introduced at the element level through
internal enhanced modes. These additional DOFs are local to the element and
are typically eliminated by static condensation, so that they do not appear as
global unknowns. The cost of this local treatment for the discontinuity inside
the element is that the enriched field is generally non-conforming: neighbour-
ing elements may represent slightly different discontinuity kinematics along
a common embedded surface, producing the kind of non-matching behaviour
illustrated in Fig. 2.7 [6, 56].
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(a) Deformed mesh (b) Details

Figure 2.7: Non-conformity in E-FEM [6].

2.5.1
Classes of E-FEM formulations

There are different classes of embedded strong-discontinuity formula-
tions. They differ not only in where the enriched DOFs are placed, but also in
whether these DOFs are eliminated by element-level static condensation, in the
need for subcell numerical integration inside the cut elements (Fig. 2.4), and
in the type of continuity enforced along the discontinuity. Table 2.1 summa-
rizes three representative families: the classical SDA-based E-FEM [126, 127],
the Discrete Strong Discontinuity Approach (DSDA) [128], and the Elemental
Enriched Space formulation proposed by Idelsohn et al. [129]. For each family,
the table indicates whether the enriched DOFs can be statically condensed at
element level, whether subcell quadrature is required, and whether the discrete

fields remain continuous along the embedded discontinuity.
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Table 2.1: Qualitative comparison of embedded strong-discontinuity formula-
tions.

Element-level Continuity of
Famil Location of enrichment  condensation Subcells discrete fields
ami
Y DOFs of enrichment required along the
DOFs discontinuity
O D, O
Classical ]
- Yes No No
SDA-based | _-®- "
Q Q
| {
DSDA I St - No No Yes
s G
0!
Elemental i
Enriched - . Yes Yes No
Space g 5
2.5.1.1

Classical SDA-based formulations

Classical SDA-based embedded formulations build on the seminal works
of Dvorkin et al. [130, 131], Simo and Rifai [132] and Simo et al. [126]. In these
models, the enrichment DOFs are associated with incompatible deformation
modes. The enriched strain field is split into a compatible part and an enhanced
part, the latter representing the strong discontinuity through element internal
modes, usually condensed at the element-level.

Over the years, this basic idea has been extended in several directions,
including three-dimensional formulations with constant jumps in constant-
strain elements [133], two-dimensional and three-dimensional formulations
with linear jumps and general element types [134, 135], and finite-strain
extensions [136, 137]. Jirdsek [138] provides a comprehensive review of these
classical SDA-based formulations for constant-strain elements with embedded
discontinuities and constant displacement jumps. The same family of models
has been systematically compared with smeared crack formulations [139] and
with XFEM approaches [7, 125, 124], highlighting the formulation ability to
capture localized failure.

The formulation has also been extended to multiphysics applications,
including hydro-mechanical [140, 141, 142, 143, 144, 145, 146, 147] and

electromechanical [148, 149] problems.
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2.5.1.2
Discrete Strong Discontinuity Approach

The Discrete Strong Discontinuity Approach (DSDA) is a variant of
the classical SDA-based E-FEM proposed by Dias-da-Costa et al. [128]. The
main difference with respect to the original SDA-based formulation is that the
enrichment DOFSs are taken as the jumps of the primary field at the nodes
where the discontinuity intersects the background mesh. These enriched DOFs
are shared by all elements cut by the discontinuity and are treated as global
unknowns, resembling the DE-FEM presented in sec. 2.4. As a result, the
jump of the primary field is continuous from one element to the next along the
embedded interface. However, the enriched approximation inside each element
remains defined locally and the overall embedded formulation is still non-
conforming in the conventional finite element sense.

In the initial DSDA formulation [128], the element was enriched with
rigid-body modes only. An extension, termed Generalized Strong Discontinuity
Approach (GSDA), introduced an additional tangential stretching mode to
better capture sliding along the discontinuity [150]. To resolve non-conformity
effects, Dias-da-Costa et al. [6] also proposed non-local definitions of the
enrichment deformation modes, which average contributions from neighbouring
elements and reduce sensitivity to the relative position of the discontinuity
within the mesh.

DSDA-type enrichments have been extended beyond purely mechanical
problems to model fluid flow in fractured porous media and coupled hydrome-
chanical processes, for instance in the works of Damirchi et al. [151, 152] and
in the formulations developed in this thesis [153, 154].

2.5.1.3
Elemental Enriched Space

In the elemental enriched space formulation proposed by Idelsohn et
al. [129], each triangular or tetrahedral element cut by an internal interface
is subdivided into a small mesh of standard linear sub-elements. When the
interface carries a strong discontinuity, the nodes lying on the intersection
between the interface and the element edges are duplicated, so that the
approximation can represent independent fields on each side of the interface.
The sub-elements are assembled into a single “super-element” with additional
internal degrees of freedom, and these enriched DOFs are statically condensed
at the element level. After condensation, the global system retains the same

nodal unknowns and connectivity as the underlying unfitted mesh, while the
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element still captures kinks, jumps, or combined kink—jump discontinuities
with a linear variation of the jump along the interface.

To mitigate the non-conformity of the enriched space, Idelsohn et al. [129]
modify the weak form by adding, for every enriched element, a contour integral
of the normal traction along its boundary, evaluated with the stresses computed
inside that element. These additional contributions, referred to as inter-element
forces, can be interpreted as a “do-nothing” boundary condition between
adjacent enriched elements. In the numerical examples, these inter-element
forces substantially reduce or even eliminate spurious inter-element jumps
while preserving the efficiency advantages of elemental enrichment.

In the first paper [129], the methodology was only applied to thermal
problems (scalar fields). Later, the formulation was generalized to a vectorial
field and applied to the solution of incompressible Navier-Stokes equations for

multifluid flows and moving interfaces [155].

2.5.2
Challenges involving hydromechanical problems

To achieve the objectives outlined in Sec. 1.2, the existing E-FEM for-
mulations have limitations. The ones addressed in this thesis are summarized

in the following subsections.

2.5.2.1
Generic fluid-flow description

Most embedded formulations for fractured porous media idealize frac-
tures as highly conductive features that act as preferential flow paths
[140, 141, 142, 152, 156]. This assumption is reflected in the preservation of
pressure continuity and may represent only gradient jumps across the dis-
continuity. While appropriate for open and highly permeable fractures, this
description is not suitable for low-permeability faults or cemented fractures
that act as hydraulic barriers.

A few works instead allow for a discontinuous pore-pressure field and,
therefore, can represent a discontinuity as a barrier to flow [143, 144, 145, 146].
These studies, however, focus on poro-plastic strain localization (shear bands)
and aim at capturing pore-pressure excess generated within the localization
zone. As a result, they do not describe fluid flow along the localized path as
an internal conduit, since the discontinuity is not treated as a fracture.

A formulation that accounts for both longitudinal and transversal flow
effects was proposed by Damirchi et al. [151]. This approach belongs to the
DSDA E-FEM family, but it is limited to steady-state conditions and relies
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on coupling finite elements to exchange flow between the discontinuity and
the porous matrix. Another approach was presented by Beserra et al. [157,
158], who derived an effective permeability tensor for the limiting case of a
fully sealed discontinuity fault, assuming that no fluid is stored within the
discontinuity, and applied it to steady-state problems.

The first article of this thesis [154] addresses this gap by developing an
embedded finite element formulation for transient single-phase flow in fractured
porous media. The formulation captures the influence of the discontinuity on
both longitudinal flow along the discontinuity and transversal exchange with
the porous matrix by enriching the pore-pressure field within the SDA frame-
work. The coupling between discontinuity flow and matrix flow follows directly
from the governing equations and constitutive relations, without introducing
additional coupling parameters. In Chapters 3 and 4, this formulation is further
generalized to three-dimensional problems following the classical SDA E-FEM
setting.

2.5.2.2
Generic fluid-flow description coupled with mechanical deformations

Existing E-FEM formulations for coupled hydro-mechanical problems
exhibit limitations similar to those of the purely hydraulic setting. They are
typically restricted either to conductive discontinuities [140, 141, 142, 159, 152,
160, 147] or to strain-localization settings in poro-plasticity [143, 144, 145, 146].

The second article of this thesis extends the previous contribution to a
fully coupled hydro-mechanical formulation. The approach is fully based on the
Strong Discontinuity Approach, enriching both displacement and pore-pressure
fields. An additional outcome is the identification of spurious oscillations in
cohesive tractions along the embedded discontinuity. These oscillations can
bias fault-reactivation assessments when elastoplastic cohesive laws are used,
potentially indicating premature failure. While mesh refinement alleviates this
effect, the observation raises a broader methodological question regarding how
the choice of an SDA-based embedded formulation affects the smoothness of
cohesive traction fields in E-FEM.

2.5.2.3
Cohesive stresses and formulation choice in SDA-based E-FEM

Within classical SDA-based E-FEM for mechanical problems, the litera-
ture contains a limited discussion of spurious oscillations in cohesive tractions
[161, 162, 163], whereas stress-locking mechanisms have been extensively stud-

ied. In particular, several works compare SDA-based variants and quantify
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their impact on global load—displacement responses [138, 164, 136, 165, 7, 166,
167]. However, a systematic understanding of the influence of these variants
on the local cohesive traction field along the discontinuity remains lacking.
The third article of this thesis addresses this gap by systematically an-
alyzing cohesive traction behavior in SDA-based E-FEM formulations. A set
of two- and three-dimensional examples is used to investigate stick and slip
conditions, different element types, and structured and unstructured meshes.
The results show that enforcing local equilibrium along the discontinuity yields
markedly smoother cohesive traction profiles. Overall, the study demonstrates
that an appropriate choice of SDA-based embedded formulation can substan-
tially improve the reliability of cohesive traction fields, thereby resolving the
methodological limitation identified in the coupled hydro-mechanical work and
strengthening the use of embedded strong-discontinuity formulations in fault-

reactivation and related hydro-mechanical applications.



3
Governing equations

Consider the boundary-value problem depicted in Figure 3.1, defined on
a domain 2 € R" (n = 2, 3) with external boundary 0f2. For the displacement
field, the boundary is decomposed as 9 = ' UT%, with T'¥ NT% = (), where
I'y and I'Y denote the Dirichlet and Neumann parts, respectively. Similarly,
for the pore-pressure field, 90 = TP U TR, with ') N TR = 0, where T'}) and
I'% correspond to Dirichlet and Neumann boundary conditions, respectively.
The domain is intersected by a discontinuity I'g, which divides it into two
subdomains, Q1 and Q~, defined with respect to the unit normal vector to
the discontinuity ngq, such that Q% denotes the subdomain towards which ng
points and €2~ the opposite one. The problem is governed by three primary
fields: the displacement, u, the pore-pressure in the porous medium, p, and

the pore-pressure inside the discontinuity, pq.

Figure 3.1: Schematic representation of the hydromechanical boundary-value
problem

A smooth discontinuity surface is considered, and opposite unit normals
on each side is adopted, as indicated in Fig. 3.1, so that

n; = —n} =:ng. (3-1)

The boundary conditions are defined as follows. On the Dirichlet bound-

ary, I'fy, the displacement field is prescribed as
u = uy, x € I'p, (3-2)

while on the Neumann boundary, I'Y, the traction vector, t, is imposed as
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t=1t,, xelY, (3-3)

with t = o - n, where n is the outward unit normal vector to the boundary of
the domain 0S2.

On the Dirichlet boundary, T'}, the pore pressure is prescribed as
p=po onTh, (3.4)

where py denotes the imposed fluid pressure. On the Neumann boundary, T'X,

the volumetric flux is imposed as
q-n=g onl¥, (3-5)

where ¢q is the prescribed volumetric flux (positive for outflow with outward

normal n).

3.1
Mechanical equilibrium in deformable porous media

By neglecting inertial forces, the linear momentum balance is given by
V-o+b=0, x € Q\Qyq, (3-6)

where o is the Cauchy stress tensor, b is the body force vector, and V denotes
the nabla operator.

The stress—strain relationship is described in terms of the effective
stress tensor, o', which, adopting a Solid Mechanics convention (negative

compression), is expressed as
o'=o+apl, (3-7)

where I denotes the identity tensor, « is the Biot coefficient. The effective
stress evolves according to the mechanical constitutive law, expressed in the

general form
o'(x) = Z(s(x)), x € Q\Qq, (3-8)

where the operator ¥(-) denotes the constitutive relation, and e is the small

strain tensor, which is given by
e(x) = Vu(x) := %(Vu(x) + Vu(x)T), x € Q\Qyq, (3-9)

where the superscript ()° in the nabla operator indicates the symmetric part
of a second-order tensor.
Finally, along the discontinuity, the cohesive stresses, tq, must be in

equilibrium with the tractions on each side of the discontinuity:
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ot -nl =—-0 -n; = —tq, x € Iy, (3-10)

where superscripts (-)* denote quantities evaluated on the two faces of I'y.
The cohesive stresses are determined by a cohesive law tq = tq ([u]),
with [u] being the displacement jump at the discontinuity surface, defined on

I'y as
[ul =u" —u". (3-11)

Appendix B presents in detail the cohesive laws used in this work.

3.2
Mass conservation in a deformable saturated porous medium

The local conservation law for a generic extensive quantity v is derived
as follows. In the context of porous media, ¥ may represent, for example, the
mass of a given phase. Take p¥(x,t) as the bulk density of v, j¥ as its flux
vector, and f¥(x,t) as a volumetric source term (positive when 1) is produced
inside the control volume). The flux j¥ is taken positive in the outward normal
direction on the boundary.

For a control volume V' C Q with boundary 0V and unit outward normal

n, the integral balance reads

d
—/pd’dV—O—/ jw-ndr:/ Foav. (3-12)
dt Jv ov 1%

This relation states that the rate of change of ¥ stored in V' plus the net flux of
¥ leaving V' through its boundary equals the amount of ¢ created inside V' by

sources. Then, applying the Divergence theorem leads to the local conservation

law
op¥
—— 4+ V-j=f 3-13
5 =1 (3-13)
Since the flux vector can be written as the product of a density and a
velocity,
i =ptvY,

with v¥ being the absolute velocity associated with 1, the local balance can

be expressed as

Op* o ¥

which serves as the starting point for the derivation of the mass balance

equations of each phase in the porous medium.



Chapter 3. Governing equations 38

3.2.1
Solid mass balance equation

In a porous medium, the solid occupies a volume fraction 1—¢, where ¢ is
the porosity. Then, applying eq. (3-14) to the solid phase, with p¥ = ps(1— ¢),
v¥ = 1 and no sources, we obtain

9 (ps (1 = ¢))
ot
where pg is the solid density.

+V-(ps (1= ¢)u) =0, (3-15)

To describe how porosity changes with deformation and pressure, it is
convenient to introduce the material derivative following the solid motion. For
any scalar field x(x,t), the material derivative with respect to the solid phase

is defined as

D,y  Ox )
= 2 . 1
D T + Vx-u, (3-16)
Using this notation, equation (3-15) can be manipulated to express the porosity
rate as
Ds ¢ ., 1 Dsps
—(1-¢) &+~ , 3-17
= 1= (2 D) (317

which relates the change of porosity to the volumetric deformation rate,
gy, = V -1, and to changes in the solid density, which can be expressed as
[168]

1 Dipe 1 (a—¢Dep .
1050 _ 1)), 3-18
p, Dt 1—¢< K. Dt | O‘)5> (3-18)

where K, is the bulk modulus of the solid matrix.

3.2.2
Fluid mass balance in the porous matrix

Considering a saturated porous medium, the fluid phase occupies the
porous space, determined by the porosity, ¢. Then applying eq. (3-14) with
p¥ = p1 ¢, and v¥ = vy, gives

d(m9)
ot

where p; is the fluid density and v, is the absolute fluid velocity. The latter is

+ V. (p1¢V1) = 0, (3—19)

decomposed into a relative velocity with respect to the solid matrix, vis, and

the solid motion,
V] = Vs + U, (3-20)

Defining the volumetric advective flux as
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q= ¢V, (3-21)

using the material derivative (3-16) together with the decomposition (3-20),

the fluid mass balance (3-19) can be rewritten as

Dsgipl) + V- (ma) +(m¢) e =0. (3-22)

By expanding eq. (3-22) and incorporating eqs. (3-17)—(3-18), we obtain

Ds _Ds
P1+1<CY ¢ Dsp

¢

D K Dt>+v~(,01q)+oz,01£V:O. (3-23)

Equations (3-6), (3-15) and (3-23) provide the macroscopic governing equa-
tions of the coupled hydromechanical problem once constitutive relations are

specified.

3.2.3
Constitutive laws

The advective volumetric flux in the porous matrix is governed by Darcy’s

law,

k
q= m (-Vp+pg), (3-24)

where k is the intrinsic permeability tensor, y; is the dynamic viscosity of the
fluid, and g is the gravitational acceleration vector.
For a compressible fluid, under isothermal conditions, the fluid density
is given by [169, 170]
1

P1 = Pio €Xp <K1 (p - plo)) ) (3‘25>

where K] is the fluid bulk modulus, py is a reference pore pressure, and p is

the corresponding reference density. The derivative of the fluid density with

respect to the pore pressure is then

op 1 1 Pl
—_— = — — (p — = —. 3-26
op K, P1o €Xp ( K, (p plo)) K, ( )

3.2.4
Fluid flow in the discontinuity

Considering the discontinuity as a fully saturated layer with unit porosity,
the mass conservation of the fluid inside the discontinuity is obtained by

applying eq. (3-14) with p¥ = p; and v¥ = v}, which gives

0
a—il + Va - (mva) =0, (3-27)
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where Vq4(-) denotes the gradient operator in the local coordinate system of
the discontinuity, and vq; is the absolute fluid velocity also in the system. The
same compressibility law (3-25) is adopted for the fluid inside the discontinuity.

The absolute velocity is decomposed into the relative velocity with
respect to the solid matrix, vqi, and the solid motion in the discontinuity

local system:
Vai = Vais + Ud, (3-28)

where 14 is the displacement rate of the discontinuity in local coordinates. The

volumetric advective flux inside the discontinuity is defined as
qdl ‘= Vdis- (3-29)
Substituting eq. (3-28) into eq. (3-27) and using the material deriva-
tive (3-16) leads to

Ds P
Dt

where €13 denotes the discontinuity domain, see Fig. 3.1.

+ Vg - (p1 qd) +mVa-a4=0 in Qyq, (3—30)

The advective volumetric flux inside the discontinuity is also governed

by Darcy’s law, expressed in the local coordinate system as

K my
Q=—|Vapa—p |my" | g, (3-31)
20| T
g

where kq = diag(kY, kY, kYY) is the intrinsic permeability tensor of the disconti-
nuity, and m; and my are unit tangent vectors at the discontinuity plane. This
diagonal permeability tensor, combined with the assumption that the pressure
field is uniform across the aperture, implies that only the tangential entries
k% will contribute to the weak form derived in Section 4.4. The longitudinal
permeability, kY, is defined by the cubic law [171]

k= — (3-32)

where w is the discontinuity aperture.

3.25
Matrix—discontinuity flux compatibility

Flux exchange between the porous matrix and the discontinuity is
described in terms of the normal components of the Darcy fluxes on the two
sides of the interface, as schematically illustrated in Figure 3.2. Let q* and

q~ denote the Darcy fluxes in the porous matrix evaluated on the two faces
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[} and Ty, with outward unit normals n} and ny, respectively. Likewise, let
qt and q; denote the Darcy fluxes in the discontinuity evaluated on the two
faces T and I'j, with outward unit normals A and f, respectively, where
N4 is the outward unit normal to {24, defined in the discontinuity local system.

The outward normals on the two sides satisfy

n; = —nj =: ng, ng = —nj =: ng. (3-33)

Figure 3.2: Discontinuity boundaries and normal vectors for the matrix (n3)
and the discontinuity domain (A).

Local mass balance at each matrix—discontinuity interface enforces con-

tinuity of the normal flux:

q"-nf +qf A =0 onT], (3-34)

q ‘nj+qg-ng =0 only. (3-35)

The matrix—discontinuity coupling is enforced by a balance of normal
fluxes across the discontinuity surface I'q. The scalar quantity ¢ denotes the
normal transfer flux from the discontinuity to the porous matrix and is taken
as positive when fluid leaves the discontinuity and enters the matrix. Using
the above relations and the normal orientations, local mass balance across I'g

can be written as

(a" —a") ma=—(af —ai) -ha=gq onTy, (3-36)

so that, with this sign convention, the net normal flux exiting the discontinuity

equals ¢f, whereas the net normal flux exiting the porous matrix equals — ¢f.
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3.2.6
Transfer law

The exchange flux ¢} is specified by a linear transfer law that relates it

to the pore pressure fields in the porous matrix and in the discontinuity as
gh =k (pa—p") + ki (pa—p7), (3-37)

where p* and p~ denote the pore pressures in the matrix on the two sides
of the discontinuity, and k5" and kY~ are non-negative transfer coefficients.
For ki > 0, a higher pressure inside the discontinuity (pq > p*) produces a
positive contribution to ¢Y, meaning a leakage of fluid from the discontinuity

into the porous matrix.

3.3
Summary

This section summarises the governing equations of the coupled hydrome-
chanical problem and their associated primary fields. Table 3.1 collects, for
each primary variable, the corresponding strong-form governing equation and

its reference.

Table 3.1: Governing equations of the coupled hydromechanical problem and
the associated primary fields.

Primary field Governing equation
u V-(e'—apl)+b=0 (3-6)
p 294V (na)+apé, =0 (3-23)
Pd 90 1 Va-(paa) +mVa-aa=0 (3-30)

In Table 3.1, the mass balance equation for the fluid in the porous

medium, Eq. (3-23), is written in terms of the Biot modulus M,

—1
M=<;+§gﬂ , (3-38)

which is obtained by substituting the fluid compressibility relation (3-25) and
its derivative (3-26) into the fluid mass balance, Eq. (3-23). The table also
includes the simplification that, under small strains, the material derivative
with respect to the solid is approximated by its Eulerian form [43]:
D.() _9()
Dt ot~

(3-39)



4
Finite elements with embedded strong discontinuities

4.1
Strong Discontinuity Approach

To understand how a discontinuity can be implicitly represented in the

domain, consider a one-dimensional problem for a generic field g(x), defined

on a domain {2 C R containing a strong discontinuity at = zr, as illustrated

in Fig. 4.1.

g(x) 1

A

Figure 4.1: One-dimensional problem with an embedded strong discontinuity

(adapted from Wu [7]).

The domain is decomposed as Q@ = Q= U {zr,} U QF, where Q= and

Q" are the subdomains on the negative and positive side of the discontinuity,

respectively. In Fig. 4.1, ¢~ (x) and g™ (x) denote continuous fields that coincide

with the total field g(z) in their respective subdomains,
g (x), =€,
gt (z), zeQt.
The relative field is defined as
g(@) =g"(z) — g~ (x),
and the actual jump of the field at the discontinuity is given by
[ ()] = lim g(z)— lim g(z)=g"(2r,) — g (2r,) = §(ar,).
$—>$Fd il?—)IEFd

Using the Heaviside function associated with the discontinuity,

(4-2)
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1, zeQt,
Hr, () = (4-3)
0, ze€Q,

the total field can be written compactly as

g(x) = g~ (x) + Hr,(x) g(x). (4-4)

For x € Q, Hr,(z) = 0 and g(x) = ¢~ (x), whereas for x € QF, Hr (z) =1
and g(z) = g*(z).

In eq. (4-4), the fields g~ (z) and g(z) are, in principle, independent.
Therefore, prescribing an essential boundary condition at a point would require
a constraint involving both ¢~ (z) and g(z). To avoid this complication, and
following the strategy proposed in [134, 7], a local decomposition of the
total field is introduced. Consider a subdomain €2, C €2 that surrounds the

discontinuity, as shown in Fig. 4.2. The total field is decomposed as

g9(x) = g(x) + g(x), (4-5)

where g(z) is a continuous regular field defined over €2, and g(z) is an enhanced
field with support restricted to €2;,. The enhanced contribution is required to

vanish on the boundary of this subdomain,
g(z) =0 for z € 0Oy, (4-6)

so that g(z) = g(x) on 0%, and essential boundary conditions can be imposed

directly on the regular field.

gx) gx) g(x)
\l]\ T[[g(x)]]
= + XTq l 'x
9]
h
Xry X Xrq X
Q Q
| h | | h |
| Q | | Q |

Figure 4.2: Composition of regular and enhanced contributions in the neigh-
borhood of the discontinuity (adapted from Oliver [8]).

The enhanced field can be expressed in terms of the relative field g(z)

and a regular correction field ¢'(x) as [7]
g9(z) = Hry(z)g(x) = g'(z),  x €y, (4-7)

where ¢'(z) is continuous in €,. The term Hr,(z) g(z) carries the jump across



Chapter 4. Finite elements with embedded strong discontinuities 45

the discontinuity, while ¢’(x) corrects this contribution so that g(x) remains

localized inside €}, as shown in Fig. 4.3.

gx)

- g(x)

gx)

Figure 4.3: Composition of the enhanced contribution inside the enriched
region (adapted from Wu [7]).

To define the regular correction field ¢'(z), two conditions must be
satisfied. First, imposing the localization condition (4-6) together with (4-7)
leads to

g (x) =Hr,(z) g(x) for z € Oy, (4-8)

so that g(x) is strictly zero on 0, and different from zero only inside 2.
A second requirement is that the kinematics must be able to reproduce
a state in which the field exhibits a pure jump across the discontinuity, with

the negative side undeformed and the positive side given by the relative field,

g ()=0,  g'(x)=gx) = g(z)="Hr,(2)g(). (4-9)

In this situation, the decomposition g(z) = g(x) + g(x) together with (4-7)

gives
Hry(z) 9(z) = g(2) + Hr,(2) g(z) — g'(2), (4-10)
which implies
g(x)=g(x)  nQy, (4-11)

as illustrated in Fig. 4.4.
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gx)

— g(x)

| Jow=se @)

xrd X

Qp !

Figure 4.4: Enhanced contribution inside the enriched region for the pure jump
state, corresponding to ¢'(x) = g(z) (adapted from Wu [7]).

To connect this construction with the finite element interpolation, let the

regular field be approximated in the standard way as

g(x) = N(z) g, (4-12)

where N(x) collects the shape functions of the underlying finite element space
and g groups the nodal values of §. Combining (4-8) and (4-11) at the boundary

of the enriched region yields
g(z) = ¢'(z) = Hr,(x) g(x) for x € I, (4-13)

For simplicity, consider the case where the enriched region €2, coincides with
the element domain and the element has no interior nodes, so that all n,, nodes

lie on 0€,. In this case,
( ) HFd(xz) (xz) T etha (4‘14)
and using (4-11) and (4-12) leads to

Hr, (1) g(21)
g'(x) = N(x) : ZN 2) e, (2:) §las), € Qp,  (4-15)

Hrd (xnn> §<xnn)

where the column vector collects the nodal values Hr,(x;) g(x;). Substitution

of (4-15) into (4-7) finally provides an explicit expression for the localized

enhanced contribution g(z) in terms of the relative field and the finite element

interpolation. In this way, the essential boundary conditions are imposed solely

on the regular field g(z), whereas the discontinuity is represented by the

localized contribution g(z) inside €25, as illustrated in Figs. 4.2 and 4.3.
Substitution of Eq. (4-15) into Eq. (4-7) gives, for z € Q,

g(x) = Hr,(z ZN ) Hry (2:) g(:), (4-16)
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and the total field can be written as

Tn

g(x) =g(z) + Hr,(z ZN x) Hr,(x;) g(x;), x € Q. (4-17)

Although the above derivation was presented in one dimension, the final
expression extends directly to a scalar field g(x) : 2 — R in a multidimensional

domain €2 C R" by replacing z with x:
9(x) = g(x) + Hr,(x ZN x) Hry(xi) §(xi),  x € Q. (4-18)

The gradient of g(x) is

Tin

Vg (x) =Vg(x)+ Hr,(x Z VN;(x /Hl“d (%) g(x)

+ 0r, (%) [9(x)[ na(x),

where dr, is the Dirac delta distribution supported on I'y.
Based on the total field g(x), Eq. (4-18), the admissible affine set is
defined as

(4-19)

G={9|9=03+9 G€0, geg}. (4-20)

with
G={a|ae'®. 3|, =} (+-21)
6= {73 1), swp(g) < . g, =0} (+-22)

where L?(f2) denotes the space of square-integrable real functions on €,

:{fl/QdeQ<oo}, (4-23)
and H'(Q) is the Sobolev space
H'(Q) ={f|fel’Q), Vfe[L’@)}, d=dimQ (4-24)

The relative field g, which acts as an amplitude of the enrichment, is only

required to be square-integrable in the enriched region, g € L?*(€2y,).

4.2
Weak form of the linear momentum balance

To incorporate the kinematics of a strong discontinuity, the displacement
field is defined following the Strong Discontinuity Approach [126, 127, 8], e
(4-18), as
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Tin

u(x) = G(x) + Hr, (x) 0(x) — >_ Ni(x) Hr, (x;) (x,), (4-25)

i=1
where 1 is the regular part of the displacement field and u is the enhanced
part of the displacement field.

Substituting the displacement field, eq. (4-25), into the compatibility
equation, eq. (3-9), leads to

e(x) = Viu(x) + (x), (4-26)
where
&(x) = &u(x) + r, (x) ([u] (x) ® na(x))”, (4-27)

where €}, the bounded part of the enhanced strain field, given by

Tin

€p(x) = Hr,(x) E:BZ x) Hr, (x;) a(x;). (4-28)

with B being the usual displacement-strain matrix associated with the shape

functions of node i:

oNi(x) o N ONX)] !
ox Ay 0z
BZ(X> _ 0 (()NZ (X> 0 8Nz (X) aNz (X) 0 (4_29>
Jy ox 0z
i 0z y oxr |

The strain tensor, including the kinematics of a strong discontinuity,
eq. (4-26), has the same algebraic structure as the strain field used in En-
hanced Assumed Strain (EAS) formulations [132, 126]. This analogy allows
the strong discontinuity to be incorporated directly into the strain field as an
incompatible strain mode. In EAS formulations, the weak form is derived from
the Hu—Washizu functional, in which displacements, strains, and stresses are
treated as independent fields. The corresponding stationarity conditions pro-
vide, respectively, the weak form of the linear momentum balance, eq. (3-6),
the weak enforcement of compatibility, eq. (3-9), and the weak form of the

constitutive equations, eq. (3-8), namely
/Vséu:adQ—/ (Su-tdF—/ Ju-bd =0,
Q u Q
[7: (=) -a)aa=o, (4-30)
Q
/7‘ : (e —Vu)dQ =0,
Q

where du € V, v € £ and T € S are, respectively, the admissible variations
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of the displacement, strains, and stress fields, where S = £ = [L?(Q)]"*" and
V= {5u\5ue [ ()", 5u] —o}

By decomposing the admissible variation of the strain field into a
compatible, V*fu, and an incompatible part, ¥ € £ e [L?(Q)]"", and
subtituting Biot’s stress decomposition, eq. (3-7), the system (4-30) can be

rewritten as

/vsau ) —apl) dQ — / su -t dl — /5u bdQ = 0,
/’y: () —o —apl)d2=0, (4-31)
Q

/T;ng:o,
Q

By choosing the space S as L2-orthogonal to £, the problem is reduced
o [132]:

/vs(su ) —apl) dQ — / Ju - todl — /5u bd = 0,
/’y e)—apl) dQ =0, .

The last equation in the system (4-31) is not present in (4-32) since it becomes
trivial with the orthogonality assumption.

Following the definition of the enhanced strains in eq. (4-27), its admis-
sible variation is also decomposed into a bounded and a discontinuous part as
[172]

Y(x) = F1,(x) + dr, (%) ([fu] (%) ® na(x))", (4-33)

Then, substituting eq.(4-33) into (4-32), using Dirac’s delta property, consid-
ering the traction continuity condition in eq. (3-10), and rewriting the tensor

double-contraction, leads to

/vs(su ) —apl) dQ — / Ju - todl — /6u bdf = 0,
(4-34)
/’Yb —apI dQ+/ 6ud td(ud) pdnd) dl’ = 0.

4.3
Weak form of the fluid mass balance in the porous medium

The weak form of eq. (3-23) is obtained by the Galerkin method, followed
by the application of the Divergence theorem,

/(5 Ll 8de /V(Sp (mQq) dQ—i—/ dpp (q-m) dl

M ot (4-35)
—i—/ opap g, dd =0,
Q
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where 0p € W is the admissible variation of the pore-pressure field in the
porous matrix, with W = {5]) | op e H' (Q2), = 0}.

Decomposing the integral over the boundam}? of the domain,

)
/5 ﬁafdg /wp (mq) dQ+/ 5p p1.qo dT

+/ 5PP1 q-ng df+/75ppl Q-ng) dl’ (4-36)
Fj I
—l—/dp&plédez().

Q

Since I'; =T] =Ty and ny = —nJ = ng, and dividing by the fluid density,

1 0p
/5 —Laq /vap qu+/ 5p o dT

(4-37)
—/ (5p a —q’)-nddf+/(5pasvd9:0,
Ty Q

where ™ and q~ are the flux vectors at boundaries I'] and Ty, respectively.
Then, substituting eq. (3-36) leads to

/5 18de /vap qu+/ op o dl = /(Sp%dF (4-38)

—|—/ opaé,d) =0.
Q

4.4
Weak form of the fluid mass balance in the discontinuity

The weak form of Eq. (3-30) is obtained by the Galerkin method, followed

by the application of the Divergence theorem, which gives

0
[p(ll gid dQ) — / Vadpa - (p1qa) d2

—I—/ 5pdp1 (qd-nd dF—I—/ 5pdp1Vd-uddQ:O,
0Qq Qq

5 Pa
(4-39)

where dpq is the admissible variation of the pore-pressure field in the disconti-
nuity.

Decomposing the integral over the boundary of the domain,

0
5 ;1 ;;d dQ) — / Vdépd (pl qd) ds)

+/F;_ §pd P1 (qd . nd dF—i-/F; (5pd L1 (qd . ﬁ(;) dF (4—40)

+/ 6pdp1Vd-1‘1ddQ:O.
Qq

Using fiy = —n] = Ny and the flux-compatibility relation (3-36), and dividing
by the fluid density,
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1 Jpq
5 ——dQ—/ V46pq - Qo d) /5 b
o, Pd K, ot o, d0Pd - dd + - Pd qq

(4-41)
"—/ 5pdVduddQ:O
Qq

The formulation is now reduced from the discontinuity domain €24 to its
mid-surface I'q by integrating across the local aperture. Assuming that the
discontinuity pressure and its admissible variation do not vary in the thickness

direction, the storage term becomes

1 Opq Bl 1 Opqg
5 ——dQ:/ Spq — P4 g ar
Q4 Pa K, Ot ry /-2 P K, ot "
w 0 pq
_ [ sp, L OPd
v PR o

Introducing a local orthonormal basis m;, msy, n4 aligned with the discontinu-
ity, with coordinates (s1, S, 1), and considering only the tangential components

of qq in the in-plane divergence, the flux term can be written as

885pd T gﬂ mlT
81 k S1
/ Vd5pd-qddQ:/ Oopa | o, T g || a0
Qq Qa 0 201 0 -
ny

T
w | Odpgq kL 9pa T
_ 2 0s1 d 0 s1 m;
_ _Nd _ g| | dnar
T
— 881 w _7d 881 _ 1 g dl"

The volumetric-deformation contribution is expressed in local coordinates as

Sin oav o
/ 6pdVd.1'1ddQ:/ S (a“d + aUd + 8“d> dqQ.
Qq Qq S1 S9 n

% st U oun
= dr.
/rd/gapd (831 + 0 89 * 871) dn

oust ou?
= ) dn dn+a?
Ty pa <851 * 0 s9 + d)

w
2

dr.

wlg

w (00} dus 4-42)
— [ opg L Lta d| | ar (
/Fd de (881 —w 881 15)
w [ Oy 0y
pa— | = A
* Ta ba 2 (882 w 852 w)
2 2

+ [ opala]ar
Ly

— [ dpaw (Vg w3 dr + /F 5pa [@"] dT.

Tq
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where V" contains only the tangential components (s1,sz) from Vg, 0 =
(a3, 42 ]" collects the tangential components of the discontinuity velocity
field, and (-) denotes the mean operator across the discontinuity, defined as
(a) = 3(a™ +a").

Collecting the previous expressions, the weak form posed on the discon-

tinuity mid-surface I'q reads

w 8pd

Spy 2 IPd o / Spa gt dT
- Pd K, ot + N, Dd 4

.
9dp L 9pa T

e | [ =E (s —p ™ ]| ar (4-43)
Ty (9858?;(1 0 27];;1 mQT

+/ Spaw (V" -u3) dF+/ 5pa [@2] T = 0.
Iy Ly

4.5
Geometric characterization of the discontinuities

In both two- and three-dimensional problems, the discontinuity within
each finite element is assumed to be straight, represented by a line segment in
two dimensions and a planar surface in three dimensions. At the element level,
the discontinuity geometry is characterized by a reference point, taken here as

its centroid, X,.f, together with a set of orientation vectors.

4.5.1
Two-dimensional problems

Figure 4.5 illustrates a linear quadrilateral element crossed by a straight

discontinuity segment.

Figure 4.5: Two-dimensional finite element with embedded discontinuity

Let Xgl) and x((f) denote the intersection points between the discontinuity
and the element edges, expressed in the global Cartesian coordinate system.

The tangential unit vector of the discontinuity is obtained as
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x@ _ D .
my = o9 = [cos(f) sin(3) 0] (4-44)
7]
d d
where [ is the angle between my4 and the global x-axis.
The associated unit normal vector is defined by the cross product between

the out-of-plane unit vector e, = [0 0 1]T as
ng=e. xmy = [—sin(8) cos(8) 0] (4-45)

4.5.2
Three-dimensional problems

Figure 4.6 illustrates a linear hexahedral element crossed by a planar

discontinuity surface.

x,

.
.
.
.
P
.
.
DN e
.

Figure 4.6: Three-dimensional finite element with embedded discontinuity [9]

x, M

Let xc(il) and X((f) denote two distinct points of this surface. The unit

normal vector to the discontinuity is obtained as

(%2 = )  (x — )

) (4 )

A first tangential unit vector lying in the discontinuity plane is defined by

(X((jl) - Xref)

T )

and the second tangential unit vector is obtained from the cross product

, (4-46)

, (4-47)

my = ng X my. (4-48)
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4.6
Finite element discretization

This section presents the spatial discretization of the primary fields and

other state variables following the Finite Element Method.

4.6.1
Regular part of the displacement field

The regular part of the displacement field in eq. (4-25) is approximated

using the standard finite element shape function matrix, N, (x), as
0" (x,t) = Ny(x)d(t), (4-49)

where d is the global vector collecting the nodal values of the regular displace-

ment field. The symmetric part of the displacement gradient is discretized as
V3" (x,t) = By(x) d(t), (4-50)

where B, (x) is the standard finite element strain-displacement matrix.

4.6.2
Admissible variations of the displacement field

The admissible variations of the displacement field, Ju”, and its symmet-

ric gradient follow the same interpolation as

su”(x,t) = Ny(x)dd(t), (4-51)

V3ou" (x,t) = By(x)dd(t), (4-52)

where dd is the vector of nodal variations associated with the displacement
field.

4.6.3
Displacement jump

The displacement jump along the discontinuity in the discontinuity local

coordinate system, u, is defined in terms of the enriched DOFs, e, as
w)(s1, 52,1) = Nau(s1, 82) ay(t). (4-53)
For a displacement jump with a linear variations along s; and so,

S1 0 0 S92 0 0
s 0 0 s 0, (4-54)

1 00
Ndu(sl,SQ): 0 1 O O
001 0 0 s 0 0 s9
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n

o, = [048“ ap? o n

.
o o ol ayt ay”? aﬂ . (4-55)

The admissible variation of the displacement jump, du®, is approximated

with the same shape function matrix as
Sult(sy, s9,t) = Nau(s1, 52) (1), (4-56)

where day, represents the admissible variation of the enriched dofs.

4.6.4
Enhanced part of the displacement field

The definition of the enhanced part of the displacement field in eq.
(4-25) is based on the discontinuity jump field, since each enriched DOF in
o, is associated with an enhanced deformation mode. Armero and Kim [135]
presented the deformation modes for a three-dimensional problem with a linear

displacement jump along the discontinuity:

i"(x) = af" m; + af? m, + af ng

Relative translation

+af (nd m; —m, ndT) AX + ady (nd m,' — m, ndT) Ax

Relative rotation around in-plane vectors

+ af" (ml m1T> AX + ag™? <m2 mQT) Ax

(4-57)

Relative stretching

1
+ (o + af™) 5 (mg m; ' + m, mlT) Ax

In-plane shear

1
+ (o — af™) 5 (m2 m; —m, m1T> Ax,

Relative rotation round normal vector

where AX = X — Xyof.

The derivation of these modes is presented in Appendix C.

4.6.5
Bounded part of the enhanced strain field

The discretized enhanced part of the strain field, eq. (4-28), can be
obtained from

&l(x) = Hr,(x) V'u"(x ZBl x) Hr, (x;) 0" (x;). (4-58)

which can be written more compactly as

&p(x, 1) = Bu(x) aw(t), (4-59)
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Then the strain field, (4-26), is discretized as

e'(x,1) = By(x) d(t) + By(x) au(t), x € Q\Iy. (4-60)

4.6.6
Admissible variation of the bounded part of the enhanced strain field

The discretization of the admissible variation in the bounded part of the

enhanced strain field, 47, is
Ay (x,1) = G(x) dau(t) - (4-61)

In the Kinematically Optimal Symmetric (KOS) versions of embedded
finite element formulation, matrix G is equal to By. In the Statically and
Kinematically Optimal Nonsymmetric (SKON) versions, G is defined based
on the orthogonality condition between the enhanced strain and the stress
fields, which poses that

/ Y, :0d2+ [ fua- (o na) U =0 (4-62)

The projection of the stress tensor in a plane given by the normal n is
defined as,

o-n=P'o" (4-63)

where 0" = {044, 04y, Oz Ouyy 0y, 0z} is the approximated stress tensor in
Voigt notation, and P is a projection matrix defined as

-
ng, 0 0 n, 0 n,

P = 0 Ny 0 Ng Ny 0 . (4_64)

0 0 n, 0 ny ng
Then, substituting the discretized fields defined in eqgs. (4-61) and (4-56),
provides the relation

/ G o"d=— [ Na ATPT ot dl. (4-65)
Q

Iy

where A = [m; my ng4] is the discontinuity orientation matrix, which is
introduced because the enriched DOFs are defined in the discontinuity local
coordinate system, see Eq. (4-56). Therefore, it acts as a rotation matrix of
the displacement jumps and the traction vector. Figure 4.7 illustrates that
the matrix G in eq. (4-65) can be interpreted as a matrix that recovers the
continuum stresses from the bulk integration point to the integration points

at the discontinuity.
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B Quadrature point in the bulk

® (Quadrature point in discontinuity

Figure 4.7: Representation of the projection of the stresses from the bulk to
the discontinuity in a linear quadrilateral finite element (adapted from Armero
and Linder [10])

In equation (4-65), the term on the right-hand side can be rewritten using
the displacement jump discretization, eq. (4-54), as
.
/QGTO'th:—/ [PA s PA s,PA] o"dl (4-66)
Pq

Then, assuming that the matrices inside the integrals are proportional to each
other through a polynomial function g (x), k£ =0,1,2, [134, 7, 135, 173]:

Gx)=—[g(X) PA g (x) PA g(x)PA] . (4-67)

The polynomial g (x) is assumed to have an order that matches the

polynomial approximation of the discrete stress field o (x) [174],

ge(x) =h(x)" {c(()k) B b cgk)]T =h(x) c, (4-68)
T
o"(x)=h(x) [oo" o7 o' @37 =h(x)'S, (4-69)

where h(x) is the polynomial basis. Its definition depends on the finite element
used. For example, for linear hexahedral elements, h(x) = [1 x Yy z}T.

Substituting equations (4-67), (4-68) and (4-69) into the left-hand side
of eq. (4-66), leads to



Chapter 4. Finite elements with embedded strong discontinuities 58

ATPT (h (x) co) h(x)'S
[GTo" i~ /Q ATPT (h(x) ) h(x)" S| d0
ATPT (h(x) ) h(x)"S
co h(x) h(x)"
— ATPT /Q ¢,"h(x) h(x)' | d2S (4-70)
¢, 'h(x) h(x)"
ATPT |¢,T /Q h(x)h(x)" dQ2S

doing the same to the right-hand side,

ATPTh(x)'S
T

T h T T
[ [PA s5PA sPA] o"d'= [ |5 ATPTh(x)"S| dr
T Ta T Tg
ssA'PTh(x) S
(4-71)
:
X)
:ATPT (x)"| dT'S,
X
gives,
co' h(x)"
ATPT |~ 7| [ heoR(x)"d0+ h(x)T dr|s=o0. (472)
Q r
"ls2h(x)]

Therefore, the coefficients of the polynomial approximation can be determined

by solving the linear system,

[CO C1 Cz} = (/thT dQ>_1 [fpdhdf‘ Jr,sihdl' [fr, szhdl—‘} . (4-73)

4.6.6.1
Average surface divergence of the tangential displacement

In Eq. (4-43), the computation of (V#" - ug) is required. This quantity
represents the surface divergence of the tangential component of the displace-

ment rate along the discontinuity, and is expressed as
Vi = (ro(my) + r.(my)) é", (4-74)
where
2 2

I'E<m) = [mm my mzz my my my my, My mz} (4_75)

and €” is obtained from eq. (4-60) and €" = {4, €4y, €2z, Vays Vyzs Var b -
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Finally, the average surface divergence of the tangential displacement rate

is computed by averaging the contributions on both faces of the discontinuity,

tan - S 1 . . -
(Vi ag) = 5 (re(my) + re(my)) (<€h)+ %: (&") > (47
= (ro(my) + r(my)) (Byd + (By) ) .

4.6.7
Pore-pressure field
To allow the discontinuities to act as a barrier for the fluid flow, the

pore-pressure field is defined following the Strong Discontinuity Approach, eq.
(4-18), as

p(x) = p(x) + Hr,(x ZN X) Hry (%) D(%4), (4-77)

where p and p are the regular and the enhanced parts of the pore-pressure
field, respectively.
The regular part of the pore-pressure field is approximated using the

standard finite element shape function vector N,(x) as
" (x,t) = Ny(x) p(t), (4-78)

where p collects the nodal values of the regular pressure field.

The enrichment part of the pore-pressure field is approximated by

7 (%, 1) = No (x) (). (4-79)

where
a(t) = [al() ad(t) a2(t)] . (4-80)

and,
No, (%) = [1 m;-Ax my-Ax]. (4-81)

Substituting eqs. (4-78) and (4-79) into eq. (4-77) leads to

p(%,1) = Np(x) p(t) + N (x) a (1), (4-82)

where
N, (x) = Hp, (x ZN x) Hr, (%;) Na, (x,). (4-83)

The corresponding gradient matrices are

B,(x) = VN, (x), f310(3() = VNP<X)' (4-84)
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The transfer law, eq. (3-37), requires the pore pressure at the adjacent

matrix faces of the discontinuity, which are discretized as
pE(x) = Ny(x) p(t) + NE(x) a,(t), (4-85)

where N?f denote the enriched shape functions evaluated on the two sides of
the discontinuity:

Nn

N (x) = Ng, (x) — ; Ni(x) Hr, (x;) Na, (x;). (4-86)
N, (x) = — i_: Ni(x) Hr, (x;) Na, (xi). (4-87)

Finally, a standard symmetric Galerkin method is adopted, and then the

admissible variations are interpolated with the same shape function vectors.

4.6.8
Pore-pressure inside the discontinuity

Following a standard symmetric Galerkin method, the pore pressure
along the discontinuity mid-surface I'y and its admissible variation are ap-

proximated as

phi(s1,89,t) = Nap(s1,52) pa(t), 6pli(s1,89) = Nap(s1, 82) 0pa,  (4-88)

with Ngp(s1, $2) the vector of one-dimensional shape functions along I'q and
pa(t) the corresponding nodal values. The derivatives with respect to the

tangential coordinate are expressed as

oph 9 opl
3551; = Bap(s1, $2) palt), aaasplg = Bap(s1, 2) Ipa(t). (4-89)
XD 0 s2

4.7
Solution scheme

Substituting the discretized fields into the weak forms of the governing
equations (4-34), (4-38), and (4-43), and adopting a fully implicit (backward

Euler) time integration scheme
X (tne1) = x (tn) + At X (t41) (4-90)

leads, at each time step t,1, to the nonlinear residual system
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ra(tnn) | B G) | [ () ]
To, (tns1) fciyu (tns1) foem (tns1)
rp (tni1) | = | £ (tagr) | — | £5 (tns)
To, (tns1) fciyp (tnt1) fe, (tnt1)
o (Gos) | [ (Bu) | B, (tn) |
00 -Qu' ~Qu" o J[dtny]
00 —Qaup —Qavap —Qaupa oy (thy1)
+10 0 H,,+L, Hyo, + Lpa, —Lpp, p(tny1) | (4-91)
0 0 Hap+Layp Hapap +Laga,  —Liagpa ayp (tni1)
00 —Lpop —Lpa, Hpipg + Lpdpd_ | Pd (th)_

0 0 0 0
0 0 0 0 oy (t
+ At Qo Qpan  Spp Spap P (tnt1) — P (tn)
Qopu Qopaw Sopp Sapa, 0 ap (the1) — ap (L)
( n+1

_deu deau 0 0 Spdpd_ Pd ) (t )_

where r, and r, are the residual vectors associated with the momentum

[ () —d(t)

n+1) — Oy (tn)

o o O

balance and the matrix fluid mass balance, respectively, r,, and r,, are
the residuals of the enriched displacement and pressure fields, and r,, is
the residual of the discontinuity fluid mass balance. The vectors fi and f¢
denote the internal and external force/flow vectors. The matrices Qqe represent
hydro—mechanical coupling, H,, the conductivity operators, L, the fluid flow
coupling between matrix and discontinuity, and S,, the storage matrices arising
from fluid compressibility and the time discretization. The definition of these
sub-matrices is presented in Appendix D, as well as the derivation of the
derivatives of these residual vectors with respect to the DOFs.

For the solution of the nonlinear system, a Newton-Raphson scheme is
adopted. At iteration k of time step ¢, 1, the residual is linearized with respect

to the increments of the unknowns, leading to

Au (1) R
AP (ti) Ty (the)
3(the1) § A (th1) 0 == {7, (th) ¢ (4-92)
Aay, ( n+1) Loy, ( n+1>
Apq ( n+1) Tpy (tn+1)

where the increment vector groups first the regular degrees of freedom (u, p)
and then the enriched degrees of freedom (o, o, pa). After reordering the
unknowns and equations in this way, the Jacobian matrix J takes the block

form
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L od op , Ooy Oayp Opa 4 p41

The linear system is thus organized with two groups of DOFs: the regular
group (1), collecting the displacement and matrix-pressure DOFs (u, p), and

the enriched group (e), collecting the discontinuity DOFs (o, oy, pa)-

4.7.1
Static condensation of the enriched DOFs

The DOFs associated with the discontinuity can be statically condensed.
This is achieved using a local-global operator split approach [175], in which the
equations associated with the discontinuity DOFs (et,, o, and pq) are solved
locally within each enriched element, while the regular degrees of freedom u
and p are kept fixed at their current iteration values. In this local problem,
the residual equations associated with rq,, ro,, and rp, are enforced to vanish.

The resulting block system reads

MuEa)) (e ()
3.3, 1" Apfﬁlfl)ﬁ I:P,(t,ﬁtl)
[ I | Jo ] TP (7 TS Rl SRR
Jer ! Jee
| Ay (tﬁﬂ) 0
Apq (tﬁﬂ) 0
from which the increments of the enriched DOFSs are obtained locally as
A, (t’fL 1)
Aap (tlfz:l) = _Jee_lJer {ig EZEJA%} ) (4_95)
n+1

Apd (tﬁ_ﬂ)
Substitution into the upper block yields a reduced system in terms of the

regular DOFs only,

(Jer = JneTee o) {Au (1) } =- {ru (#) } : (4-96)

Ap (tfwrl) I'p (ta]iﬂ)

which incorporates the effect of the discontinuity enrichment into the global

Condensed Jacobian

system while retaining only the regular displacement and pressure DOFs. Once
Au and Ap are computed, the increments of the enriched DOFs are recovered

locally from the previous relation.
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4.7.2
Global nodal jump DOFs

The enriched DOFs a,, and o, are defined locally and are directly
associated with the jump field of a discontinuity inside an element, as presented
in egs. (4-57) and (4-79). Treating these enriched DOFs as global unknowns
in the linear system or statically condensing them at the element level leads
to the same discrete solution. However, following the work of Dias-da-Costa et
al. [128, 150], the enriched DOFs can be redefined as nodal jumps at the nodes
where the discontinuity intersects the element edges. When these nodal jump
DOFs are considered as global variables and the augmented linear system is
solved, eq. (4-92), the jump field becomes continuous along the discontinuity,
since the nodal jumps are shared by adjacent enriched elements. Figure 4.8
compares both choices, and eq. (4-97) presents the relationship between the

local enriched DOFs and the nodal jumps.

) m w.
n n ao’e 3
) ®o,e, o o ez\@’_ﬂ y ng US4
Y, S wi ___dsT w3
e Ue, o w3
U1e, Wi
(a) Local element DOFs (b) Global nodal jump DOFs

Figure 4.8: Discretization of the enriched displacement field

For a two-dimensional element cut by a straight discontinuity segment
with two intersection nodes, the relation between the local enriched DOFs

{af', af, ot o} and the nodal jumps {w}, wy, w}, w3y} can be written as

m 1 1 X

lo%s 5 0 35 0] |mg 0 wy

ab 0 2 0 %||nd” O wy
m( 1 1 x [’ (4_97)
n -1 1 y

o 0 L 0 g 0 ng wy

where [; is the length of the discontinuity segment inside the element.

The explicit transformation in (4-97) was applied only to the two-
dimensional case, where a straight discontinuity segment cuts the element
and always leads to two intersection nodes. In three-dimensional problems,
the intersection between a planar discontinuity and a hexahedral element
may generate polygons with a variable number of intersection nodes, so the

relation between local enriched DOFs and nodal jumps depends on the specific
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intersection topology and is no longer given by a unique fixed transformation

matrix.

4.8
Numerical integration

The numerical integration over the bulk domain, €2, depends on the
regularity of the fields appearing in the integrands. In Eq. (4-28), when only
rigid-body deformation modes are included in the enrichment [128, 175], the
bounded enhanced strain field remains continuous in €2,

Tin

Viu(x) = 0 — &,(x ZB’ X) Hr, (x;) a(x;). (4-98)

and the bulk contributions can be evaluated using standard Gauss quadrature
rules, as in classical small-strain elasticity. In contrast, the inclusion of the
relative stretching deformation modes or a discontinuous pore-pressure field
introduces jumps in the enriched fields, so that the integrands become dis-
continuous across the embedded surface. In these cases, the element must be
partitioned into sub-cells that conform to the discontinuity, and numerical in-
tegration is carried out at the sub-cell level. In this thesis, the implementation
of this special numerical integration was carried out only in two-dimensional
problems.

Table 4.1 summarizes the resulting requirements for bulk integration.
The columns indicate whether rigid-body or full kinematic enrichment is used,
and whether the discontinuity behaves as a conductive path or as a hydraulic
barrier. Depending on this combination, either a regular Gauss rule or a sub-

cell quadrature is required for the bulk.

Table 4.1: Required numerical integration rule for the bulk depending on the
embedded formulation setting. An “X” marks the options activated in each
case.

Kinematic enrichment Hydraulic behaviour . . .
Numerical integration

Rigid-body Full Conductive Barrier
X Regular
X Regular
X X Regular
X Sub-cell
X Sub-cell
X X Sub-cell

A first-order Newton—Cotes rule is used to numerically evaluate the in-

tegrals over the discontinuity surface I'q [176, 177, 124]. In three-dimensional
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problems, the intersection between the discontinuity surface and the back-
ground mesh generally yields polygonal regions inside the elements. Each such
polygon is triangulated, as illustrated in Fig. 4.9, and the integration points
in every triangle are defined according to the same first-order Newton—Cotes

rule.

Figure 4.9: Triangulation of the discontinuity surface inside the finite element
in different intersection scenarios [9]



5
Conclusions

This thesis has addressed the numerical modelling of strong discontinu-
ities in hydro—mechanical processes in porous media using the Embedded Fi-
nite Element Method (E-FEM). The work presented in the published articles,
Appendix A, develops, analyzes, and validates an embedded formulation for
fractured porous media and investigates its behaviour with respect to cohesive

traction oscillations.

5.1
Thesis contributions

The objectives presented in sec. 1.2 have been achieved by the scientific
and technical contributions of the thesis, by presenting a finite element

formulation with embedded strong discontinuities that:

« models the influence of discontinuities on both longitudinal and transver-

sal flow;

o treats sealing fractures acting as hydraulic barriers and highly conductive

fractures within a unified framework;
» handles both steady-state and transient flow problems;

e couples fluid flow between the discontinuity and the porous matrix di-
rectly from the governing equations and constitutive modelling, without

introducing additional coupling parameters;
 allows the fluid injection inside discontinuities in a straightforward way;

e incorporates an internal fracture pressure that can be statically
condensed, thereby emulating, within a single formulation, different

interface-element configurations found in discrete fracture models;

» captures the essential hydro-mechanical coupling mechanisms governing

fracture opening, slip, and changes in permeability; and

e has been systematically verified against discrete fracture models with
interface elements and applied to benchmark problems representative of

fractured reservoir conditions.

The formulation was applied to a fault reactivation problem, demon-
strating its capability to reproduce the main reactivation mechanisms in a

hydro—mechanically coupled setting.
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In addition, the thesis addresses the issue of spurious oscillations in the
cohesive stresses along the discontinuity, which can compromise the assessment
of the reactivation of pre-existing fractures and faults. Different SDA-based
embedded formulations were compared to evaluate their influence on the
cohesive traction profiles. The study indicates that an SDA-based formulation
that enforces local equilibrium along the discontinuity in a stronger sense (the
SKON variant) is a viable and effective option, as it substantially reduces
spurious oscillations and mesh dependency while retaining the advantages of

the embedded approach.

5.2
Perspectives for future research

Building on the developments and findings of this thesis, several direc-

tions for future work can be identified:

o Extension to multiphase and THM processes. Extend the hy-
dro—mechanical embedded formulation to multiphase flow and fully cou-
pled thermo-hydro—mechanical (THM) processes, to better represent

conditions relevant to geological storage and geothermal applications.

« Fracture initiation and propagation. Couple the present embedded
formulations with fracture propagation models, such as cohesive fracture
evolution laws, damage mechanics, or phase-field approaches, in order
to simulate the onset and growth of fractures and faults in addition to

pre-existing discontinuities.

e Advanced treatments for traction oscillations. Investigate addi-
tional enrichment modes involving weak discontinuities or discontinuous
bulk strains, non-local regularization techniques, and Nitsche-type in-
terface stabilization as means to further reduce or eliminate residual

cohesive traction oscillations under slip conditions.

o Intersecting discontinuities. Enhance the formulation to deal more
accurately with intersecting discontinuities. In the current version,
enrichments are simply superposed when multiple discontinuities are
present inside an element, without a specific treatment of their inter-
sections, which can lead to severe stress locking and affect the accuracy

of the results.

Pursuing these directions would further extend the applicability of em-
bedded finite element methods to complex hydro—mechanical problems in frac-

tured porous media and contribute to more reliable assessments of subsurface
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operations such as hydrocarbon production, COy sequestration, geothermal

energy extraction, and underground storage.
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ARTICLE INFO ABSTRACT

Keywords: The presence of discontinuities, such as fractures or geological faults, can significantly influence the fluid flow
Embedded Finite Element Method (EFEM) in a porous medium. In general, the discontinuities can act as preferential flow paths. However, depending on
Fluid flow their aperture and filling material, they can act as barriers to fluid flow. To model these different possibilities,
Sealing discontinuities this paper presents an embedded approach in the context of the finite element method to model the presence
Transient analysis : L . . . . . . .
of discontinuities inside a porous medium in transient analyses. The formulation is attractive since it does not
require the mesh used to discretize the porous medium to conform to the discontinuities. The derivation of
the formulation is based on the Strong Discontinuity Approach by enriching the pressure field of the finite
element with a Heaviside function. The enriched part of the pressure field is discretized based on the pressure
jumps evaluated at the nodes where the discontinuity intersects the finite element. The discontinuity internal
pressure is taken as an independent field, allowing the modeling of high pressures inside the discontinuity. A
strategy to condense the discontinuity internal pressure degrees of freedom is presented. Numerical examples
are presented showing the flexibility of the formulation to capture the influence of discontinuities on the
fluid flow in porous medium. The results obtained with the proposed formulation are compared with interface
element models, showing a good agreement between the two approaches.

1. Introduction cumbersome and computationally intensive is to represent the discon-

tinuities explicitly in the model, as done in a Discrete Fracture Model

The extension fault in the Miocene section of the Gulf of Mexico (DFM). The balance between accuracy and numerical efficiency can be
plays an essential role in trapping large volumes of hydrocarbon accu- reached with dual porosity models or embedded approaches.

mulation in its reservoirs. Recently, this section was also evaluated as a In an ECM, the fractured medium is represented as a continu-

site for large-scale and long-term CO, storage (Silva et al., 2023). The ous medium with equivalent porosity and permeability properties,

faults in this region have a fine-clay mineral filling material making
them less permeable than the rock matrix and producing a barrier to
fluid flow in the porous medium. Bond et al. (2013) analyze the In
Salah field and also discuss that many fractures can become sealing
over time due to cementation processes. Therefore, to understand field
behavior it is important to, not only consider the presence of the
discontinuities, but also their proper hydraulic constitutive behavior.

defined at a representative elementary volume (REV) (Wu and Qin,
2009). However, this representation is not always possible due to the
non-existence of a REV (Berre et al., 2019; Berkowitz, 2002). Dual-
porosity/dual permeability (DPDP) approaches superpose the system
describing the rock matrix with a fracture network. The fracture net-
work is characterized by a transfer function that limits the application

The discontinuities can be represented in the numerical model of the DPDP approach to a regular set of fractures (Rueda Cordero
with different levels of accuracy and computational cost. The most et al., 2019a; Rueda et al., 2021). Recently, this limitation have been
simple and computationally efficient strategy is to use an equivalent overcome by the use of Machine Learning techniques to determine the
continuum model (ECM). On the other hand, the most accurate but transfer function (Andrianov and Nick, 2021).
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A DFM can be created using zero-thickness interface elements or
high-aspect-ratio elements (Flemisch et al., 2018; Fumagalli et al,
2019; Fadakar Alghalandis, 2017; Segura and Carol, 2008; Jing and
Stephansson, 2007; Segura and Carol, 2004; Noorishad and Mehran,
1982; Nguyen et al., 2017; Rueda Cordero et al., 2019b; Mejia Sanchez
et al., 2019, 2020; Manzoli et al., 2019; Fabbri et al., 2023). Recently,
interface element formulations have been extended for multiphase
flow problems (Liaudat et al., 2023; Cerfontaine et al., 2015). Despite
being accurate, these approaches have the difficulty and disadvantage
of requiring mesh conformity to the discontinuity, which imposes a
challenge in the mesh generation in complex fracture networks (Lima
et al., 2023; Holm et al.,, 2006; Cacace and Blocher, 2015; Blessent
et al., 2009).

The possibility to implicitly represent a discontinuity in the do-
main without needing a conforming mesh is the main advantage of
approaches like the Extended Finite Element Method (XFEM) and em-
bedded formulations. The XFEM allows incorporating discontinuities
into the model without explicitly representing them in the mesh. This
is achieved by enriching the discontinuous field using a local or global
partition of unity (Belytschko et al., 2001; de Borst, 2017; Khoei,
2015,?; Khoei et al., 2018; Gutierrez Escobar et al., 2019; Xia et al.,
2018, 2022; Cheng et al., 2022, 2023). However, a large degrees of
freedom are added to the problem, and the method requires special
integration procedures.

In embedded approaches, the discontinuity is implicitly represented
in the mesh considering its orientation, length and properties. Different
embedded approaches can be found in the literature (Olorode et al.,
2020). Finite Volume formulations have been popular in solving fluid
flow problems due to the local conservation property, and the Em-
bedded Discrete Fracture Model (EDFM) is entirely developed in the
context of Finite Volume discretization and a two-point flux approxima-
tion (Lee et al., 2001; Li and Lee, 2008; Moinfar et al., 2012; Fumagalli
et al., 2016; Chai et al., 2018; Wang et al., 2019; Cusini et al., 2021).
The original EDFM has a limitation of considering only discontinuities
without a filling material, or with a highly permeable one, that will act
as a conduit for the fluid flow. The Projection-based Embedded Discrete
Fracture Model (pEDFM) extends the EDFM formulation to deal with
discontinuities with lower permeability than the porous matrix (Tene
et al., 2017; Rao et al., 2020).

In the context of the Finite Element Method (FEM), the formu-
lation can be developed using an idea similar to the XFEM, where
the discontinuity is incorporated by enriching the pressure field. In
both methods, the definition of the pressure field enrichment is highly
related to the presence or absence of a filling material in the discon-
tinuity. For a low-permeable filling material in the discontinuity, a
jump occurs in the pressure field, incorporated through a Heaviside
function-based enriched. In other cases, where the discontinuities act as
a preferential flow path inside the porous medium, the pressure field is
not discontinuous, only its gradient; therefore a distance function-based
enrichment is used. In the literature, most works contemplate only
the later case (Callari and Armero, 2002; Alfaiate et al., 2010; Benke-
moun et al., 2015; Damirchi et al., 2022). Recently, Damirchi et al.
(2021) presented an embedded finite element formulation capable of
modeling longitudinal and transversal flow for steady-state single-phase
fluid flow problems. To derive their formulation, they used a coupling
finite element (Bitencourt et al., 2015) which introduces a coupling
parameter to enforce the compatibility between the continuum mesh
with the discontinuity mesh. In comparison with XFEM, the advantage
of EFEM consists mainly in the reduced number of enrichment degrees
of freedom. It is also worth mentioning that in the context of the finite
element method local mass conservation can be achieved by mixed
formulations (Duran et al., 2019).

In the context of FEM other approaches can implicitly represent a
discontinuity inside the domain, such as phase field models (Zeng et al.,
2020; Ehlers and Luo, 2017; Wilson and Landis, 2016; Zhou et al.,
2019) coupling finite elements (CFE) (Manzoli et al., 2021), Lagrange
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multipliers (Zulian et al., 2022), and the combination of strategies such
as dual porosity and EFEM (Alvarez et al., 2021). However, they are
limited to modeling highly permeable discontinuities. To allow the
behavior of discontinuities acting as barriers, Camargo et al. (2022)
discretized the porous media and the discontinuities with different
discretizations and coupled them using CFE. However, this approach
requires the mesh of the porous media to conform to the discontinuity.

In this paper, an embedded finite element formulation is developed
for transient problems. The formulation captures the discontinuities’
influence on longitudinal and transversal flows, which allows modeling
fractured porous media with sealed fractures acting as barriers. The
method can be applied to problems with high-pressure gradients inside
the discontinuity. The formulation can be easily combined with a static
condensation technique to reduce the number of degrees of freedom.

The paper is organized as follows. Section 2 defines the enrichment
of the pressure field and derives the weak form of the governing
equation. Section 3 presents the spatial and time discretization of the
problem. Section 4 presents an analogy of the embedded formulation
with DFM composed of interface elements. Section 5 presents the
numerical examples comparing the solutions obtained with the pro-
posed embedded formulation with those of finite element models using
interface element. Finally, Section 6 summarizes the main conclusions
of the work.

2. Basic concepts

This section presents some basic concepts associated with the em-
bedded finite element formulation based on the Strong Discontinuity
Approach. First, the pressure field in the porous medium is defined
to consider the discontinuity present in the domain. Then, the weak
forms of the continuity equations are derived. It is assumed that the
problem is governed by two independent fields: the pressure of the
porous medium, p(x,7), and the discontinuity internal pressure, p,(x,1).

For the following derivations, consider the problem presented in
Fig. 1 with a domain Q closed by a boundary I composed by the
union of the boundaries I, and I, associated with the essential and
natural boundary conditions, respectively. The domain is crossed by
a discontinuity, I';, with aperture w, that separates it into two sub-
domains, Q* and ©2~. Their definition is based on the normal vector to
the discontinuity surface, n,, such that Q* is the sub-region at which
the normal vector n, is pointing.

The boundary conditions associated with the pressure field of the
porous medium are:

v~n,-:§,xel“q o
p=p.x€T,

where v is the fluid relative velocity vector, § is the flux associated with
the natural boundary conditions and p is the prescribed pressure at the
boundary of the domain.

The boundary conditions associated with the pressure field inside
the discontinuity are:

{vd-n,-=¢7,»,x€1",,“

- 2)
Py =Dy -XE€ Iy,

where v, is the fluid relative velocity vector at the discontinuity
in its local system, §; is the flux associated with the discontinuity
natural boundary conditions and j, is the prescribed pressure at the
discontinuity.

The compatibility of the fluid flow between the porous medium and
the discontinuity is defined by:

I[v]]<nd=—[[vd]]-nd=qd,xEFd 3)

where g, is the fluid flux through the discontinuity, and [v] and [[v,]
are the jump of the relative velocity vector across the discontinuity.
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Fig. 1. Domain with the presence of a strong discontinuity.

2.1. Definition of the pressure field

To incorporate a discontinuity in the pressure field without repre-
senting it explicitly in the mesh, the embedded formulation requires the
pressure field p (x,7) to be defined as

p(X,0) = p(X, 1)+ p(X,1) ()]

where p(x,7) is the regular part of the pressure field, j(x,) is the
enriched part of the pressure field, ¢ is the time, and x € Q.

Different alternatives can be found in the literature to define the
enriched part of the pressure field. One is to use a distance function (Al-
faiate et al., 2010; Ranaivomanana and Benkemoun, 2017; Benkemoun
et al., 2015)

p(x,0)=0(x) D, x) [pM] (5)

where [[p(n] is the increment of the pressure field and D, represents
the distance function that is defined as:

Dy, (®) = (X=X,7) -1y (6)

where x,,, is a reference point associated with the discontinuity.
In Eq. (5), ©(x) is a piece-wise constant function defined as

V7+, if x e @
ow =9, " %)
7 if xe Q-

where V is the total volume of the domain, V'* is the volume of the
sub-domain Q2% and V'~ is the volume of the sub-domain ©2~. This term
is introduced in order for the formulation to be able to fulfill the patch
test condition of a constant pressure gradient representation.

The enriched pressure field defined with a distance function, as
in Eq. (5), is continuous and does not allow modeling the transver-
sal flow through the discontinuity. Thus, a discontinuous function is
adopted as a pressure field enrichment.

P10 =Hr, X)[px, 0] 8)

where H, is a Heaviside function defined as

” 1, ifxeQt ©
700, otherwise

The definition of the total pressure field as in Eq. (4) makes
it challenging to apply the essential boundary conditions along the
boundary of the sub-domain Q*, since it would require a constraint to
be applied to both regular and enriched pressure fields. To overcome
this problem, the strategy proposed by Oliver (1996) in the context
of enhancing a displacement field is adopted. Thus, the regularized
pressure field is defined as

P(x) = p(x) + o(x) [p (x, D] 10)

with ¢ (x) being an auxiliary function as

1 xeleQ"

Then, by considering the discontinuous enrichment from Eq. (8), the
total pressure field, Eq. (4), is rewritten as

PO =50+ (M, 0= 9®)) [0 a2

The introduction of the auxiliary function in Eq. (12) makes the part
associated with p(x,r) zero along the entire boundary of the domain.
Therefore, the regularized pressure field, p(x,7), and the total pressure
field, p(x,r) have the same values along I".

2.2. Fluid flow through the porous medium
Neglecting the deformability of the solid skeleton, the continuity

equation that defines the fluid flow through the porous medium is
1 dp

ME+V~V=O,XE.Q\F‘, 13)
where M is the Biot’s modulus
-1
a=-¢ &
M=—+ = 1
( X, + K,) a4

where a is Biot’s coefficient, ¢ is the porosity, K is the bulk modulus
of the solid skeleton and K/ is the bulk modulus of the fluid.

The weak form of the continuity Eq. (13) is obtained by applying
the Galerkin method followed by the Divergence theorem:

/ 5p<i’)—">d:z+/ap(v»n)dr—/ Vép-vd2=0  (15)
o\r, M ot r a\r,

with p being all admissible variations of the pressure field.
Decomposing the integral along the boundary, I', and applying the
boundary conditions, Eq. (1), yields:

0, -
/ 6p<ifp)d[2+/ 5pzidF—/ qu,,dl"—/ Vép-vdR2 =0
O\l M or I, Iy o\ry

16)

The fluid relative velocity is defined by Darcy’s law, neglecting the
gravity term:

v=-Xy, an
Hy
where k is the permeability matrix and 4/ is the dynamic fluid viscos-
ity.
The third part of Eq. (16) is responsible for the coupling between the
fluid flow of the porous medium and the discontinuity. The fluid flux
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Fig. 2. Fluid flow pattern inside the discontinuity.

through the discontinuity, g,, is defined by the leak-off model (Settari
and Price, 1984):

a4 = c® (l’d _ p(+>) +c0) (l’d _p(*)> (18)

where ¢ and ¢ are the leak-off parameters, and p* and p() are
the pressures in the adjacent porous medium, as shown in Fig. 2.

2.3. Fluid flow inside the discontinuity

The continuity equation inside the discontinuity is
— v, v, = 19)

where M, is the discontinuity Biot’s modulus, and v, and V, are
the fluid velocity vector and the Divergence operator defined at the
discontinuity local system, respectively.

Following the same steps of the previous section, the weak form of
the continuity equation of the fluid flow inside the discontinuity is

1 0!’[1) /
ép, (— dQ + 6py (Vg -m) dI’
/.o, I\ My o 09, 4 (Va-n)

+/ 5pdqdd1"—/ Vépy vy d2=0 (20)
Iy 4

with §p, being all admissible variations of the discontinuity internal
pressure field.

Assuming that the terms in Eq. (20) are constant in the nor-
mal direction, see Figs. 1, 2, and applying the boundary conditions,
Eq. (2):

;9 i 26 P
/ 5deL%m+/ Spdq,dl"+/ 5pdqddl"—/ P iy Pl ag=0
Iy 4 Ot Tyq Iy r; 0s ds

@1

The discontinuity longitudinal permeability is defined by Wither-
spoon et al. (1980)

w2

T 2y,

ky (22)

3. Embedded finite element formulation

In this section, the weak forms of the continuity Egs. (16) and (21)
are spatially discretized using an embedded finite element method, and
then the discretized system of first-order differential equations is solved
using an implicit time integration scheme.

3.1. Definition of matrix mapping

Considering a linear quadrilateral finite element crossed by a dis-
continuity as shown in Fig. 3. The main idea of the proposed embedded
finite element formulation is to evaluate the enriched pressure field,
p(x,1), Eq. (8), in terms of the jump in the pressure field across the
discontinuity, evaluated along the discontinuity inside the element.
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Fig. 3. Quadrilateral finite element with embedded discontinuity.

The jump of pressure field [p(x,7)] can be defined as,
[p (x.0 = M; (x) 4p (1) (23)

where M, (x) is the matrix that transmits the jump of pressure from
the discontinuity to the porous medium domain. To define this matrix,
first, it is assumed that the jump in the pressure field can have a linear
variation along the discontinuity tangential coordinate, s,

4p, +4p, 4p, — 4p,
e

Ap(s,1) = (24)

lq
where [, is the discontinuity length inside the element, and 4p, and 4p,
are the jumps in the pressure field at the nodes where the discontinuity
intersects the element.
Then, by assuming that the transmission of the jump in the pressure
field that happens from the discontinuity to the continuum occurs
completely in the normal direction,

M, (0= [ - 2lome) 1w (25)

1
2 Iy 2 Iy

Finally, by evaluating Eq. (23) at the nodes of the element
a()=MdAp @) (26)

where a (7) is the enrichment degrees of freedom defined at the nodes of
the finite element. Therefore, matrix M transfers the jump in the pres-
sure field from the discontinuity to the nodes of the finite
element.

M=[M () M () M (x,)]" @)

i
3.2. Spatial discretization

The total pressure field is discretized by considering that the regu-
larized part is a function of the degrees of freedom p, and the enriched
part is a function of Ap.

p(x.0) =N p@®)+Nx) 4p (1) (28)

The matrix N contains the standard finite-element shape functions.
The matrix N contains the enriched shape functions, which, based on
(8) and (12) and using (26), is defined as

N =N®X) (H,-d ®I —Hd) M (29)

where H, is a diagonal matrix with the Heaviside function evaluated at
the nodes associated with each degree of freedom of the finite element.
The gradient of the pressure field Vp(x,?) is

Vpx,1)=B(x) p() +B(x) 4p (1), x e\l (30)

where B (x) = VN (x) and B (x) = VN (x).
In Eq. (30), the gradient of the pressure field is defined only in the
continuous part of the domain, since the continuity equation associated
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with the fluid flow through the porous medium is only defined over
O\T,.

Finally, the longitudinal flow in the discontinuity middle plane is
taken as an independent field and discretized as,

pa (s,8) =Ny (5) py (1) (€3]

where N, (s) represents the shape functions for the discontinuity.
Substituting the discretized fields from Egs. (28), (30) and (31) into
(16) and (21) leads to the system,

SP+HP=Q() (32)
where the degrees of freedom vector P is defined as

P=[pe" 0" po|" (33)

The compressibility matrix is
s= [S” ! ] &N
[
where S, is the porous medium compressibility matrix
S, = /ﬂ e (x)Tﬁ N () 42 35)

and S, is the discontinuity compressibility matrix
S, = / N, )7 2N, x)dI (36)
I, M,y

and the fluid-flow matrix is composed of two parts, one that is associ-
ated with the permeability of the porous medium and the discontinuity
on its own, and the other associated with the coupling between the two:

L. Ly
o b 37)
L L,

H, 0
0 H,

H=

where H, is the fluid-flow matrix of the porous medium,
k
H, = / B, " X8, xd0 (38)
O\l Hy

H, is the fluid-flow matrix of the discontinuity,

oN,” 3 0N
Hd=/ X)) w d(x)dl"
r ds 12p,  os

(39)

and L, L, and L., are the fluid-flow matrices that promote the
coupling between the porous medium and the discontinuity,

T — T (- -
L = /r NG (0 ¢ N (0 dT + /r NGO () ¢ N dl - (40)
d d
Ld:/ N/ ®) (P +eO)Ny (x) dI (41)
Iy

T — T (=
| =/r NG () ¢ Ny dT +/r NO ) @ Ny dr - (42)
d d

The discharge vector is

Qo =[a0" 4" ¢ 07" (43)
The augmented vectors, (),,,, are defined as

Nus 0= [N N (37, 01 -H, ) M| 44

NP ) =[Nx N (I-Hg)M] (45)

N ®=[Nx -N@H,M]| (46)

B 0= [B® B (M, 01 -H,)M| “7)

In the compressibility and the fluid-flow matrices of the porous
medium, defined in Egs. (35) and (38), there is a part that is a discontin-
uous function due to the presence of the Heaviside function. Due to this
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Fig. 4. Example of the definition of the numerical integration points using a
sub-division of the domain.

discontinuity, all element matrices are computed using a sub-division of
the element domain into triangles, which are obtained from a Delaunay
triangulation of each sub-domain including its centroid. Each triangle
is integrated with a usual Gauss quadrature, as illustrated in Fig. 4.

Damirchi et al. (2021) highlighted the influence of the mapping
matrix M on the numerical integration. This mapping matrix is used
to transmit the pressure field jump along the discontinuity to the
element nodes, as stated in Eq. (26). If the jump in the pressure field is
transmitted to the porous medium, keeping the same pressure gradient
field, then

Vp(x,1) = Vi(x,1) = Vi(x,) = Hp, (\)B(x) M4Ap () =0, x € Q\I},
(48)

In the definition of the mapping matrix, Eq. (27), the condition
in Eq. (48) is satisfied, implying that the fluid-flow matrix associated
with the porous medium, Eq. (38), is continuous over the element
domain. Therefore in steady-state problems, there is no need to per-
form the sub-division of the domain to compute the element matri-
ces (Damirchi et al., 2021). But to perform a transient analysis, the
compressibility matrix will require the sub-division for its integration.

3.3. Static condensation of pressure inside the discontinuity

The discontinuity pressure degrees of freedom can be defined as a
function of the pressure field in the porous medium. This is done by
performing a reduction of the space of variables. Then, the vector of
degrees of freedom, Eq. (33), is redefined as:

P=RP, (49)
with
In,,xn” on”an,,
R= onmxn‘, I"AUX"AP (50)
T"pd Xy Tnﬁd Xngp
T
Pr={p®" 4p®"} (51)

where T and T are the sub-condensation matrices. The sub-indices
in Eq. (50) indicate the sizes of the matrices, with n,,, n,, and n, being
the number of components of p, 4p and p,, respectively.

Applying (49), the system (32) is rewritten using the reduced space
of degrees of freedom

RTSRP; +RTHRP, =RTQ(1) (52)

Mejia et al. (2021) proposed to statically condense the longitudinal
pressure degrees of freedom, p,, as a linear combination of p. Then,
their sub-condensation matrix T is a zero matrix and T can be defined
as:

=[N NG| 53)
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Fig. 5. Interface elements: (a) Single node; (b) Double node; (c) Triple node.

Damirchi et al. (2021) presented a condensation of longitudinal
pressure degrees of freedom, setting its value inside the discontinuity to
the mean of the pressures on the discontinuity top and bottom surfaces.
Then, T is still defined by Eq. (53), but T is

- . o T

T= [N (x)" N (x2)7] (54)
with

N7id (x) = N (x) (%1 -H,)M (55)

This alternative is investigated later in a validation example.
3.4. Time discretization

To solve the discrete first-order differential equation system,
Eq. (32), an implicit time integration scheme is used

P (t,41) =P (1,) + 4P (tur1)

where ¢, corresponds to the current time, 7, to the previous one, and
At is the time step.
Substituting Eq. (56) in (32) results in

(56)

S+4HP(1,,,) =AQ+SP(1,) (57)

4. Analogy with DFM using interface elements

In this work, to validate the results obtained with the embedded
approach, we compare them with solutions from a DFM using interface
elements. Thus, we discuss the equivalence between the embedded
approach and DFM across different categories of interface elements,
shown in Fig. 5 (De Borst, 2018).

Single node interface elements, Fig. 5(a), can only model the lon-
gitudinal flow inside the discontinuity. Hence, they are similar to the
embedded formulation using a distance function-based enrichment,
Eq. (5).

Double node interface elements, Fig. 5(b), can model both longi-
tudinal and transversal flow inside the discontinuity. In this element,
the longitudinal pressure at the mid-plane nodes is not a degree of
freedom. It is defined as a mean value of the pressure dofs of the
top and bottom discontinuity surface nodes. Therefore, DFM using this
interface element is similar to the embedded formulation presented in
this work, using a discontinuous function-based enrichment, Eq. (8),
and applying the static condensation of the longitudinal pressure dofs
proposed by Damirchi et al. (2021).

Finally, triple node interface elements, Fig. 5(c), share many sim-
ilarities with the double node elements but allow pressurizing the
discontinuity since the longitudinal pressure in its mid-plane is an
actual dof (De Borst, 2018). Then, the DFM using these elements will
have similar behavior to the embedded formulation with a discon-
tinuous function-based enrichment without statically condensing the
longitudinal pressure dofs.

5. Numerical experiments

This section presents several benchmarks for single-phase fluid
flow in fractured porous medium. For all benchmarks, unless other-
wise specified, the hydraulic conductivity of the porous medium is
1.1574e—05 m/s, the fluid dynamic viscosity is 1.0e—6 kPa s, the
fluid specific weight is 9.81 kPa/m, the solid skeleton bulk modulus
is 1.0e9 kPa, the fluid bulk modulus is 2.0e6 kPa, the porosity is 0.3,
Biot’s coefficient is 0.6, and the discontinuity aperture is 1.0 mm.
The longitudinal pressure degrees of freedom are assumed as global
variables and not statically condensed.

The behavior of the embedded formulation was validated and eval-
uated by comparing the obtained results with solutions using a Dis-
crete Fracture Model (DFM) with double and triple-node interface
elements (Nguyen et al.,, 2017), implemented in the in-house code
GeMA (Mendes et al., 2016; Mejia et al., 2020; Rueda et al., 2020).
Following the analogy presented in Section 4, triple-node interface ele-
ments are used when the DFM is compared to EFEM without the static
condensation of the discontinuity pressure dofs. Otherwise, double-
node interface elements are used.

In domains with an internally embedded discontinuity as shown in
Fig. 6, the nodes corresponding to the tips of the discontinuity must
have null pressure jump 4p.

Assuming these degrees of freedom as global variables, this bound-
ary condition at the tips can easily be imposed.

In the following examples, the finite elements have a linear geome-
try and the discontinuities are defined by straight segments. Hence, to
identify the nodes where each discontinuity intersects with the finite
element mesh, we implemented the algorithm to detect intersections
between line segments presented by Ericson (2005).

5.1. Domain with multiple non-intersecting parallel discontinuities

This example consists of a square 5.0 m domain with four 2.5 m long
horizontal discontinuities, equally spaced and centered. Two scenarios
for the boundary conditions are considered: a non-uniform pressure
gradient and a nodal discharge at the center of the domain, as shown
in Fig. 7.

Three regular meshes of linear quadrilateral elements were used for
both the embedded approach and DFM. For the embedded approach,
the number of sub-divisions of the edges was 16, 32, and 64. In the
DFM meshes, finite elements crossed by a discontinuity were split into
two, and an interface element was inserted between them.

Two parameter configurations are investigated for each scenario
studied. In Case 1, all discontinuities have the same leak-off parameter
equal to 1.0e—09 m/(kPa s). In Case 2, the discontinuities have different
leak-off values. From bottom to top, the values of the leak-off parameter
are 1.0e—03, 1.0e-05, 1.0e—07, and 1.0e—09 m/(kPa s).

First, are presented the solutions for the problem of a non-uniform
pressure gradient, Fig. 7(a), at the final analysis time, 20.0 s. The
simulation was performed assuming a time step of 0.1 s. Fig. 8 presents
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Fig. 7. Example 1: geometry and boundary conditions with (a) Non-uniform pressure at the top and (b) Nodal discharge at the center of the domain.
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Fig. 8. Pore-pressure field (kPa) using the 32 x 32 mesh: (a) Case 1; (b) Case 2.

the pressure field from the embedded formulation using a 32 x 32 mesh
for both leak-off assumptions.

Fig. 9 presents the pressure profiles defined along the y-axis at the
middle of the domain and the relative difference with respect to the
solution obtained with the DFM, for the three mesh refinements and
the two cases.

The results shown in Figs. 8 and 9 demonstrate the influence of
the leak-off parameter in the fluid flow through the porous medium.
The pressure profiles (Fig. 9¢) show that a higher jump in the pressure
occurs for lower values of the leak-off parameter, showing that the
formulation can model and control the transversal flow through a
discontinuity. Also, it shows that for a higher leak-off, an imperceptible
effect on the transversal flow is observed.

The relative differences of the pressure profile, in Figs. 9(b) and
9(d), show that the solutions using the embedded formulation agreed

well with those obtained using a DFM for all three mesh refinement,
with a relative difference lower than 0.5% in all cases. The residual
relative difference between the two models is assumed to be related to
the simplifications introduced in the embedded formulation, especially
in the definition of the mapping matrix, Eq. (26).

Fig. 10 presents the pressure evolution at the center of the domain
for the three meshes in both cases. It shows that the EFEM can capture
a similar transient response as the DFM, with the results getting closer
as the meshes are refined.

The solutions for the problem considering a fluid injection at the
center point of the domain are now presented, Fig. 7(b), at the end of
the analysis, after 20.0 s. Fig. 11 presents the pressure field from the
embedded formulation using a 32 x 32 mesh, it shows that for Case 1,
higher pressure is obtained since all discontinuities act as barriers for
fluid flow.
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Fig. 10. Pressure evolution at the center of the domain: (a) Case 1, (b) Case 2.

Fig. 12 presents the pressure profiles defined along the y-axis at
the middle of the domain and the relative difference with respect to
the DFM solution, for the three mesh refinements and the two cases.
In this problem, the relative differences along the pressure profile are
higher in Case 2 for the coarser mesh but decrease for the more refined
ones.

Fig. 13 presents the pressure evolution at the center of the domain
for both cases using the three meshes. It shows a good agreement with

the solution obtained with the DFM, and that the solutions of both
methods get closer as the mesh is refined.

5.2. Injection at the discontinuity

In this example, a discharge is applied at the discontinuity mid-
plane. The aim of this example is to show that this formulation can
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Fig. 11. Pore-pressure field (kPa) using the 32 x 32 mesh of (a) Case 1 and (b) Case 2.
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Fig. 12. Results for the problem with injection at the center: (a) Pressure field for Case 1, (b) Relative difference profile for Case 1, (c) Pressure field for Case 2, and (d) Relative

difference profile for Case 2.

be easily used to model problems in which the discontinuity is pres-
surized, such as in a hydraulic fracture process. Since the pressures
at the mid-plane nodes can be taken as independent degrees of free-
dom, applying a discharge at the discontinuity is simply done by
assigning a Neumann boundary condition to this degree of freedom.
Fig. 14 illustrates the problem geometry and boundary conditions,
which consists of a rectangular domain with a discontinuity crossing

it parallel to the x-axis. A discharge of 3 m?/s is applied at the
middle plane, and a null pressure condition is applied at the right
edge.

Two regular meshes of linear quadrilateral elements were used for
both embedded and DFM. For the embedded approach, the discretiza-
tions were 36 x 27 and 108 x 81. In the DFM meshes, the finite
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Fig. 13. Pressure evolution at the center of the domain: (a) Case 1, (b) Case 2.

p=0kPa

L.3m
I mifs
—

|.5m

4.0 m

Fig. 14. Benchmark of fluid injection at the discontinuity.

elements crossed by a discontinuity were split into two and an interface
element was added between them.

The problem was solved for two values of the leak-off parameter:
1.0e—01 and 1.0e—7 m/(kPa s). Fig. 15 presents the pressure field for
both leak-off parameters at the end of the simulation of 1.0 s, which
was performed considering a constant time step of 0.1 s.

Fig. 15 shows an evident influence of the leak-off parameter on
controlling fluid leakage from the discontinuity to the continuum. In
Fig. 15(a), due to the lower leak-off, the pressure field in the continuum
does not increase as much as in the scenario with the higher leak-off,
Fig. 15(b).

The comparison with the DFM with triple-node interface elements
is shown in Fig. 16. The pressure and relative difference profiles are
evaluated along the y-axis of the middle of the domain (x = 2 m).

The results for the scenario with a lower leak-off parameter in
Figs. 16(a) and 16(b) show that there is a small difference in the
behavior of both models. For the two mesh refinements, the relative
difference between them did not change significantly, therefore, the
difference is assumed to be from the formulation simplifications, espe-
cially in the definition of the mapping matrix, Eq. (26). For the scenario
with a higher leak-off parameter presented in Figs. 16(c) and 16(d),
the solutions obtained with both models are closer, and the relative
difference decreases as the mesh is refined. The solutions for the second
scenario were closer since the influence of the discontinuity in the
transversal flow is smaller for a higher leak-off.

Fig. 17 presents the evolution of the discontinuity pressure at the
injection node for the two leak-off values and discretizations. It shows

a good agreement with the results obtained with the DFM, using triple-
node interface elements. This reinforces that the relative difference
observed in the pressure profile of the porous medium presented in
Fig. 16, is related to the simplifications introduced in the embedded
formulation related to how the pressure jump is transmitted from the
discontinuity to the continuum.

5.3. Fluid flow through fractured dam foundation

This benchmark consists of a gravity dam over a fractured porous
medium. The geometry, boundary conditions, and mesh used in the
embedded approach are shown in Fig. 18. The hydraulic conductivity
of the porous medium is 1.0e—7 m/s, and the specific weight of water
is 10 kN/m>. A steady-state analysis is performed.

Two fractured domains are considered. The first one was proposed
by Segura and Carol (2004), in which the fractures inside the domain
have a 45° angle with the horizontal axis and are uniformly distributed
with a 1.0 m spacing. In the second one, 37 fractures were randomly
placed inside the domain.

The DFM finite element mesh for the regular fracture domain is
composed of 5249 nodes with 6048 linear triangular finite elements
and 1008 triple-node interface elements. The mesh of the random
fractured domain comprises 3297 nodes with 5252 linear triangular
finite elements and 358 triple-node interface elements. The FE meshes
are presented in Fig. 20.

The problem is first solved for the regular fracture domain,
Fig. 19(a), for two leak-off values, a high leak-off, ¢ = 1e—05 m/(kPa s),
and a low leak-off, ¢ = 1e—09 m/(kPa s), and for two aperture values,
0.01 mm and 0.1 mm. The pressure field obtained with the embedded
approach for each scenario is presented in Fig. 21.

The pressure fields presented in Fig. 21 show that for the smaller
aperture and higher leak-off, the presence of the fracture system did not
influence the pressure field inside the domain. With a higher aperture, a
change in the pressure distribution following the fracture’s orientation
is seen. For a lower leak-off parameter, the presence of the fractures
has a higher impact on the pressure field distribution, for both values of
aperture. For a higher aperture, the pressure distribution is less affected
by the leak-off.

The influence of the fracture system on the pressure field can be
better seen in Fig. 22 in which the pressure profiles are evaluated along
the x-axis at mid height. It also presents the solutions by Segura and
Carol (2004) and the relative difference of the solution obtained with
the embedded formulation in relation to the solution using the DFM.
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Fig. 15. Pore-pressure field (kPa) using the 36 x 27 mesh for (a) Lower leak-off, and (b) Higher leak-off.
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Fig. 16. Results for the problem with injection at the discontinuity: (a) Pressure field for

higher leak-off; (d) Relative difference profile for higher leak-off.

For a higher leak-off parameter, Figs. 22(a) and 22(b) show good
agreement between the solutions of the embedded approach and the
DFM, with a maximum relative difference along the profile of approx-
imately 0.6%. The pressure profiles in this case are also close to the
ones presented by Segura and Carol (2004).
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lower leak-off; (b) Relative difference profile for lower leak-off; (c) Pressure field for

For a lower leak-off parameter, Figs. 22(c) and 22(d) show that
there is a better agreement with the two approaches for a smaller
aperture, with a maximum relative difference lower then 0.5%. With
a larger aperture, the agreement between the two approaches is not as
good, which is justified by the simplification introduced in the mapping
matrix, Eq. (26), of the embedded formulation. Since the formulations
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Fig. 18. Geometry, boundary conditions and finite element mesh used for the embedded approach of the fractured dam foundation.
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Fig. 20. Finite element mesh for the DFM: (a) Regular; (b) Random.
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Fig. 21. Pore-pressure field (kPa) for the regular fracture domain: (a) w = 0.01 mm and ¢ = 1e-05 m/(kPa s); (b) w = 0.01 mm and ¢ = 1e-09 m/(kPa s); (c) w = 0.1 mm and
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leak-off value; (c) Pressure profiles for the lower leak-off value; (d) relative difference profile for the lower leak-off value.

are equivalent, the differences between our DFM solutions and those
presented by Segura and Carol (2004) are assumed to be related to
problem modeling.

The problem is now solved by applying the static condensation of
the longitudinal degrees of freedom in the embedded approach and
using double-node interface elements in the DFM.

The results obtained with the embedded formulation using the static
condensation of the longitudinal pressure degrees of freedom presented
in Fig. 23, showed a good agreement with the solutions of the DFM
using double-node interface elements. This highlights the flexibility of
this embedded formulation in achieving a similar behavior for different
interface element formulations.

The same analyses were performed for the random fracture system,
Fig. 19(b). The pressure fields obtained with the embedded approach
are presented in Fig. 24. The static condensation of the longitudinal
pressure dofs was not performed.

The pressure and relative difference profiles are shown in Fig. 25.
A good agreement between the solutions using the embedded approach
and the DFM for all scenarios can be seen.

6. Conclusions

This paper presented an embedded finite element formulation for
fluid flow problems capable of modeling the influence of discontinu-
ities on both longitudinal and transversal flow. The coupling between

porous medium and discontinuity is achieved based on the derivation
of the governing equations and constitutive modeling of the transversal
flow through the discontinuity, without the need of introducing a
coupling parameter.

The proposed embedded formulation performed well in steady-state
and transient analyses, showing good agreement with models based
on a DFM using interface elements. The formulation was capable of
modeling the presence of discontinuities that act as barriers to fluid
flow inside the porous medium. Also, the static condensation of the lon-
gitudinal pressure degrees of freedom allows the embedded formulation
to represent the behavior of double interface elements.

The present embedded formulation is also capable of easily model-
ing the injection of fluid inside the discontinuities, making it attractive
for problems such as hydraulic fracturing. Also, as shown by the
foundation dam example, the embedded formulation does not require
mesh conformity to the discontinuities. It was shown that with the same
mesh discretization for the continuum, different fracture systems can be
considered with results very close to the ones obtained with a DFM.
Finally, the authors are currently investigating the extension of the
proposed formulation to deal with multiple intersecting discontinuities.

CRediT authorship contribution statement

Danilo Cavalcanti: Writing — original draft, Validation, Concep-
tualization, Formal analysis, Investigation, Methodology, Software.



Appendix A. Publications included in the compendium 103

D. Cavalcanti et al. Computers and Geotechnics 171 (2024) 106384
W =3 - T -+ ~+ | 120 120
67 7 1 B&f
4t 1 100 4t | 10K
2t 1 g0 2} 80
0t 1 ]

L] 4]
1] 5 10 15 20 25
(a) (b)
120 - - - " - )
3 &l | 120
4 | {100, | | 100
| |
2 &0 2F | 80
0 1 0t . i
&l 1]
0 5 10 15 20 25 0 3 10 (] a0
{e) (e}

Fig. 24. Pore-pressure field (kPa) for the random fracture domain: (a) w = 0.01 mm and ¢ = 1e-05 m/(kPa s); (b) w = 0.01 mm and ¢ = 1le-09 m/(kPa s); (c) w = 0.1 mm
and ¢ = 1e-05 m/(kPa s); (d) w = 0.1 mm and ¢ = 1e-09 m/(kPa s).

120 - - . -
S i ——2
1o s = 8 I—n—rl_ul mm| |
O = |——w = 0,16 mm
) N [ i3
& b o (b |
4 E
= LY :5
E %0 N
2 b =
L osn My 2
A \\ =z
T =]
(1] e 2
o =
&0 = L . edim B
o § Lk 15 0 25
Longitdinal distance (m)
EFEM - w =0.01 tum = = =DFM - w = 0.0] mn
EFEM = w = 010 mm = = =DFM - w = .10 mm x{m)
. (b
(a)
120 - . . .
- 12 + \ :
110 "] | wo= 001 mm|
i | |—w = 0.0 mm| |
1 e
|

5

Pressure (kPa)
-

el e + -
0 3 11} 15 20 25
Longitudinal distance {m) ]
EFEM - w =101 mm = = =0FM - w = {L0] mm
| EFEM - w =0.10 mm = = =DFM - w = {10 mm | X im)
td)

{e)

Fig. 25. Results for the random fracture domain: (a) Pressure profiles for the higher leak-off value; (b) relative difference profile for the higher leak-off value; (c) Pressure profiles
for the lower leak-off value; (d) relative difference profile for the lower leak-off value.



D. Cavalcanti et al.

Cristian Mejia: Formal analysis, Conceptualization, Methodology, Soft-
ware, Supervision, Validation, Writing — review & editing. Deane
Roehl: Writing - review & editing, Supervision, Resources, Project ad-
ministration, Conceptualization. Ignasi de-Pouplana: Writing — review
& editing, Supervision, Resources. Guillermo Casas: Writing — review
& editing, Supervision, Resources. Luiz F. Martha: Writing — review &
editing, Supervision.

Declaration of competing interest

All authors have participated in (a) conception and design, or anal-
ysis and interpretation of the data; (b) drafting the article or revising
it critically for important intellectual content; and (c) approval of the
final version.

This manuscript has not been submitted to, nor is under review at,
another journal or other publishing venue.

The authors have no affiliation with any organization with a direct
or indirect financial interest in the subject matter discussed in the
manuscript.

Data availability
Data will be made available on request.
Acknowledgments

The authors acknowledge the financial support from the Brazilian
National Council for Scientific and Technological Development (CNPq),
Brazil Grants 309384/2019-2 and 308056,/2022-1; Carlos Chagas Filho
Foundation, Brazil for Supporting Research in the State of Rio de
Janeiro (FAPERJ) Grants E-26,/200.463/2023 and E-26,/201.391/2021;
and the grant TED2021-130510A-100 funded by MCIN/AEI/10.13039/
501100011033, Spain and by the “European Union NextGenerationEU/
PRTR”. This study was financed in part by the Coordenagao de Aper-
feicoamento de Pessoal de Nivel Superior - Brasil (CAPES) - Finance
Code 001.

References

Alfaiate, J., Moonen, P., Sluys, L., Carmeliet, J., 2010. On the use of strong discontinuity
formulations for the modeling of preferential moisture uptake in fractured porous
media. Comput. Methods Appl. Mech. Engrg. 199, 2828-2839.

Alvarez, L.L., Guimardes, L.J.d.N., Gomes, LF., Beserra, L., Pereira, L.C., de Mi-
randa, T.S., Maciel, B., Barbosa, J.A., 2021. Impact of fracture topology on the
fluid flow behavior of naturally fractured reservoirs. Energies 14 (17), http://dx.
doi.org/10.3390/en14175488.

Andrianov, N., Nick, H., 2021. Machine learning of dual porosity model closures from
discrete fracture simulations. Adv. Water Resour. 147, http://dx.doi.org/10.1016/
j.advwatres.2020.103810.

Belytschko, T., Moés, N., Usui, S., Parimi, C., 2001. Arbitrary discontinuities in finite
elements. Internat. J. Numer. Methods Engrg. 50 (4), 993-1013. http://dx.doi.org/
10.1002/1097-0207(20010210)50:4<993::AID-NME164>3.0.CO;2-M.

Benkemoun, N., Gelet, R., Roubin, E., Colliat, B., 2015. Poroelz two-phase ma-
terial modeling: Theoretical formulation and embedded finite element method
implementation. Int. J. Numer. Anal. Methods Geomech. 39, 1255-1275.

Berkowitz, B., 2002. Characterizing flow and transport in fractured geological media: A
review. Adv. Water Resour. 25 (8-12), 861-884. http://dx.doi.org/10.1016/S0309-
1708(02)00042-8.

Berre, 1., Doster, F., Keilegavlen, E., 2019. Flow in fractured porous media: A review of
conceptual models and discretization approaches. Transp. Porous Media 130 (1),
215-236. http://dx.doi.org/10.1007/5s11242-018-1171-6, arXiv:1805.05701.

Bitencourt, L.A., Manzoli, O.L., Prazeres, P.G., Rodrigues, E.A., Bittencourt, T.N., 2015.
A coupling technique for non-matching finite element meshes. Comput. Methods
Appl. Mech. Engrg. 290, 19-44. http://dx.doi.org/10.1016/j.cma.2015.02.025.

Blessent, D., Therrien, R., MacQuarrie, K., 2009. Coupling geological and numerical
models to simul d flow and transport in fractured media.
Comput. Geosci. 35 (9), 1897-1906. http://dx.doi.org/10.1016/j.cageo.2008.12.
008.

Bond, C.E., Wightman, R., Ringrose, P.S., 2013. The influence of fracture anisotropy
on CO2 flow. Geophys. Res. Lett. 40 (7), 1284-1289. http://dx.doi.org/10.1002/
2rl.50313.

Appendix A. Publications included in the compendium

104

Computers and Geotechnics 171 (2024) 106384

Cacace, M., Blocher, G., 2015. Meshlt—a software for three dimensional volumetric
meshing of complex faulted reservoirs. Environ. Earth Sci. 74 (6), 5191-5209.
http://dx.doi.org/10.1007/s12665-015-4537-x.

Callari, C., Armero, F., 2002. Finite element methods for the analysis of strong
discontinuities in coupled poro-plastic media. Comput. Methods Appl. Mech. Engrg.
191 (39), 4371-4400. http://dx.doi.org/10.1016/50045-7825(02)00374-2.

Camargo, M., Cleto, P.R., Maedo, M.A., Rodrigues, E.A., Bitencourt, L.A., Manzoli, O.L.,
2022. Modeling the hydrodynamic behavior of fractures and barriers in porous
media using coupling finite elements. J. Pet. Sci. Eng. 208, 109700. http:
//dx.doi.org/10.1016/j.petrol.2021.109700, URL https://www.sciencedirect.com/
science/article/pii/$0920410521013280.

Cerfontaine, B., Dieudonné, A.C., Radu, J.P., Collin, F., Charlier, R., 2015. 3D zero-
thickness coupled interface finite element: Formulation and application. Comput.
Geotech. 69, 124-140. http://dx.doi.org/10.1016/j.compgeo.2015.04.016.

Chai, Z., Yan, B., Killough, J., Wang, Y., 2018. An efficient method for fractured
shale reservoir history matching: The embedded discrete fracture multi-continuum
approach. J. Pet. Sci. Eng. 160, 170-181. http://dx.doi.org/10.1016/j.petrol.2017.
10.055.

Cheng, L., Luo, Z., Xie, Y., Zhao, L., Wu, L., 2023. Numerical simulation and analysis
of damage evolution and fracture activation in enhanced tight oil recovery using
a THMD coupled model. Comput. Geotech. 155 (January), 105244. http://dx.doi.
org/10.1016/j.compgeo.2023.105244.

Cheng, L., Luo, Z., Zhao, L., Xie, Y., 2022. Numerical analysis of fracture deformation
and instability during CO2 geological sequestration using a THM-XFEM coupled
model. Comput. Geotech. 145, http://dx.doi.org/10.1016/j.compgeo.2022.104664.

Cusini, M., White, J.A., Castelletto, N., Settgast, R.R., 2021. Simulation of coupled
multiphase flow and geomechanics in porous media with embedded discrete
fractures. Int. J. Numer. Anal. Methods Geomech. 45 (5), 563-584. http://dx.doi.
org/10.1002/nag.3168.

Damirchi, B.V., Bitencourt, L.A., Manzoli, O.L., da Costa, D.D., 2022. Coupled hydro-
mechanical modelling of saturated fractured porous media with unified embedded
finite element discretisations. Comput. Methods Appl. Mech. Engrg. 393, 114804.
http://dx.doi.org/10.1016/j.cma.2022.114804.

Damirchi, B.V., Carvalho, M.R., Bitencourt Jr., L.A.G., Manzoli, O.L., Dias-da Costa, D.,
2021. Transverse and 1 dinal fluid flow delling in fractured porous media
with non-matching meshes. Int. J. Numer. Anal. Methods Geomech. 45 (1), 83-107.
http://dx.doi.org/10.1002/nag.3147.

de Borst, R., 2017. Fluid flow in fractured and fracturing porous media: A unified view.
Mech. Res. Commun. 80, 47-57. http://dx.doi.org/10.1016/j.mechrescom.2016.05.
004.

De Borst, R., 2018. Computational Methods for Fracture in Porous Media: Isogeometric
and Extended Finite Element Methods. Elsevier.

Duréan, O., Devloo, P.R., Gomes, S.M., Valentin, F., 2019. A multiscale hybrid method
for Darcy’s problems using mixed finite element local solvers. Comput. Methods
Appl. Mech. Engrg. 354, 213-244. http://dx.doi.org/10.1016/j.cma.2019.05.013.

Ehlers, W., Luo, C., 2017. A phase-field approach embedded in the theory of porous
media for the description of dynamic hydraulic fracturing. Comput. Methods Appl.
Mech. Engrg. 315, 348-368. http://dx.doi.org/10.1016/j.cma.2016.10.045.

Ericson, C., 2005. Real-Time Collision Detection. CRC Press, p. 632. http://dx.doi.org/
10.1201/b14581.

Fabbri, H., Sanchez, M., Maedo, M., Cleto, P., Manzoli, O., 2023. Modeling gas
breakthrough and flow phenomena through engineered barrier systems using a
discrete fracture approach. Comput. Geotech. 154, 105148. http://dx.doi.org/10.
1016/j.compgeo.2022.105148.

Fadakar Alghalandis, Y., 2017. ADFNE: Open source software for discrete fracture
network engineering, two and three dimensional applications. Comput. Geosci. 102
(February), 1-11. http://dx.doi.org/10.1016/j.cageo.2017.02.002.

Flemisch, B., Berre, 1., Boon, W., Fumagalli, A., Schwenck, N., Scotti, A., Stefansson, I.,
Tatomir, A., 2018. Benchmarks for single-phase flow in fractured porous media.
Adv. Water Resour. 111 (January 2017), 239-258. http://dx.doi.org/10.1016/j.
advwatres.2017.10.036, arXiv:1701.01496.

Fumagalli, A., Keilegavlen, E., Sciald, S., 2019. Conforming, non-conforming and
non-matching discretization couplings in discrete fracture network simulations. J.
Comput. Phys. 376, 694-712. http://dx.doi.org/10.1016/j.jcp.2018.09.048.

Fumagalli, A., Pasquale, L., Zonca, S., Micheletti, S., 2016. An upscaling procedure for
fractured reservoirs with embedded grids. Water Resour. Res. 52 (8), 6506-6525.
http://dx.doi.org/10.1002/2015WR017729.

Gutierrez Escobar, R., Mejia Sanchez, E.C., Roehl, D., Romanel, C., 2019. Xfem
modeling of stress shadowing in multiple hydraulic fractures in multi-layered
formations. J. Nat. Gas Sci. Eng. 70 (June), 102950. http://dx.doi.org/10.1016/
j.ingse.2019.102950.

Holm, R., Kaufmann, R., Heimsund, B.O., @ian, E., Espedal, M.S., 2006. Meshing of
domains with complex internal geometries. Numer. Linear Algebra Appl. 13 (9),
717-731. http://dx.doi.org/10.1002/nla.505.

Jing, L., Stephansson, O., 2007. Discrete fracture network (DFN) method. Dev. Geotech.
Eng. 85, 365-398. http://dx.doi.org/10.1016/50165-1250(07)85010-3.

Khoei, A.M., 2015. Extended Finite Element Method: theory and applications. John
Wiley & Sons.




D. Cavalcanti et al.

Khoei, A.R., Vahab, M., Hirmand, M., 2018. An enriched-FEM technique for numerical
simulation of interacting discontinuities in naturally fractured porous media.
Comput. Methods Appl. Mech. Engrg. 331, 197-231. http://dx.doi.org/10.1016/
j-cma.2017.11.016.

Lee, S.H., Lough, M.F., Jensen, C 2001. Hierarchical modeling of flow in naturally
fractured formations with multiple length scales conventional finite difference on
the basis of their length (1 f ) relative to the finite difference grid size (/ g ),
fractures are classified as belonging to on. Water Resour. Res. 37 (3), 443-455.

Li, L., Lee, S.H., 2008. Efficient field-scale simulation of black oil in a naturally fractured
reservoir through discrete fracture networks and homogenized media. SPE Res.
Eval. Eng. 11 (4), 750-758. http://dx.doi.org/10.2118/103901-pa.

Liaudat, J., Dieudonné, A.C., Vardon, P.J., 2023. Modelling gas fracturing in satu-
rated clay samples using triple-node zero-thickness interface elements. Comput.
Geotech. 154 (November 2022), 105128. http://dx.doi.org/10.1016/j.compgeo.
2022.105128.

Lima, P., Shauer, N., Villegas, J.B., Devloo, P.R., 2023. DFNMesh: Finite element
meshing for discrete fracture matrix models. Adv. Eng. Softw. 186 (March), 103545.
http://dx.doi.org/10.1016/j.advengsoft.2023.103545.

Manzoli, O.L., Borges, L.F., Rodrigues, E.A., Cleto, P.R., Maedo, M.A., Bitencourt, L.A.,
2021. A new discrete fracture approach based on the use of coupling finite elements
for modeling fluid transport in naturally fractured porous media. Comput. Methods
Appl. Mech. Engrg. 386, 114112. http://dx.doi.org/10.1016/j.cma.2021.114112.

Manzoli, O.L., Cleto, P.R., Sinchez, M., Guimardes, L.J.,, Maedo, M.A., 2019. On
the use of high aspect ratio finite elements to model hydraulic fracturing in
deformable porous media. Comput. Methods Appl. Mech. Engrg. 350, 57-80.
http://dx.doi.org/10.1016/j.cma.2019.03.006.

Mejia, C., Paullo Mufioz, L.F., Roehl, D., 2020. Discrete fracture propagation analysis
using a robust combined continuation method. Int. J. Solids Struct. 193-194,
405-417. http://dx.doi.org/10.1016/j.ijsolstr.2020.02.002.

Mejia, C., Roehl, D., Rueda, J., Quevedo, R., 2021. A new approach for mod-
eling three-dimensional fractured reservoirs with embedded complex fracture
networks. Comput. Geotech. 130, 103928. http://dx.doi.org/10.1016/j.compgeo.
2020.103928.

Mejia Sanchez, E.C., Quevedo, R., Roehl, D., 2019. Hydro-mechanical modelling
of naturally fractured reservoirs. In: 53rd U.S. Rock Mechanics/Geomechanics
Symposium. no. June.

Mejia Sanchez, E.C., Rueda Cordero, J.A., Roehl, D., 2020. Numerical simulation of
three-dimensional fracture interaction. Comput. Geotech. 122 (March), 103528.
http://dx.doi.org/10.1016/j.compgeo.2020.103528.

Mendes, C.A., Gattass, M., Roehl, D., 2016. The gema framework - an innovative
framework for the development of multiphysics and multiscale simulations. In:
ECCOMAS Congress 2016 - Proceedings of the 7th European Congress on Com-
putational Methods in Applied Sciences and Engineering, vol. 4, (no. June), pp.
7886-7894. http://dx.doi.org/10.7712/100016.2383.6771.

Moinfar, A., Varavei, A., Sepehrnoori, K., Johns, R.T., 2012. Development of a novel and
computationally-efficient discrete-fracture model to study IOR processes in naturally
fractured reservoirs. In: Proceedings - SPE Symposium on Improved Oil Recovery,
vol. 2, pp. 1277-1293. http://dx.doi.org/10.2118/154246-ms.

Nguyen, V.P., Lian, H., Rabczuk, T., Bordas, S., 2017. Modelling hydraulic fractures
in porous media using flow cohesive interface elements. Eng. Geol. 225, 68-82.
http://dx.doi.org/10.1016/j.enggeo.2017.04.010.

Noorishad, J., Mehran, M., 1982. An upstream finite element method for solution of
transient transport equation in fractured porous media. Water Resour. Res. 18 (3),
588-596. http://dx.doi.org/10.1029/WR018i003p00588.

Oliver, J., 1996. Modelling strong discontinuities in solid mechanics via strain softening
constitutive equations. Part 2: Numerical simulation. Internat. J. Numer. Methods
Engrg. 39, 3601-3623.

Olorode, O., Wang, B., Rashid, H.U., 2020. Three-dimensional projection-based embed-
ded discrete-fracture model for compositional simulation of fractured reservoirs.
SPE J. 25 (4), 2143-2161. http://dx.doi.org/10.2118/201243-PA.

Ranaivomanana, H., Benkemoun, N., 2017. Numerical modelling of the healing process
induced by carbonation of a single crack in concrete structures: Theoretical
formulation and embedded finite element method implementation. Finite Elem.
Anal. Des. 132, 42-51. http://dx.doi.org/10.1016/j.finel.2017.05.003.

Appendix A. Publications included in the compendium

105

Computers and Geotechnics 171 (2024) 106384

Rao, X., Cheng, L., Cao, R., Jia, P., Liu, H., Du, X., 2020. A modified projection-based
embedded discrete fracture model (pEDFM) for practical and accurate numerical
simulation of fractured reservoir. J. Pet. Sci. Eng. 187 (November 2019), 106852.
http://dx.doi.org/10.1016/j.petrol.2019.106852.

Rueda, J., Mejia, C., Norefia, N., Roehl, D., 2021. A three-dimensional enhanced
dual-porosity and dual-permeability h for hyds it deling of
naturally fractured rocks. Internat. J. Numer. Methods Engrg. 122 (7), 1663-1686.
http://dx.doi.org/10.1002/nme.6594.

Rueda, J., Mejia, C., Quevedo, R., Roehl, D., 2020. Impacts of natural fractures on
hydraulic fracturing in all ptotic p ion regimes. Comput.
Methods Appl. Mech. Engrg. 371, 113296. http://dx.doi.org/10.1016/j.cma.2020.
113296.

Rueda Cordero, J.A., Mejia Sanchez, E.C., Roehl, D., 2019a. Integrated discrete fracture
and dual porosity - dual permeability models for fluid flow in deformable fractured
media. J. Pet. Sci. Eng. 175, 644-653. http://dx.doi.org/10.1016/j.petrol.2018.12.
053.

Rueda Cordero, J.A., Mejia Sanchez, E.C., Roehl, D., Pereira, L.C., 2019b. Hydro-
mechanical modeling of hydraulic fracture propagation and its interactions with
frictional natural fractures. Comput. Geotech. 111, 290-300. http://dx.doi.org/10.
1016/j.compgeo.2019.03.020.

Segura, J.M., Carol, I, 2004. On zero-thick interface for
problems. Int. J. Numer. Anal. Methods Geomech. 28 (9), 947-962. http://dx.doi.
org/10.1002/nag.358.

Segura, J.M., Carol, L., 2008. Coupled HM analysis using zero-thickness interface
elements with double nodes. Part I: Theoretical model. Int. J. Numer. Anal. Methods
Geomech. 32 (18), 2083-2101. http://dx.doi.org/10.1002/nag.735.

Settari, A., Price, H.S., 1984. Simulation of hydraulic fracturing in low-permeability
reservoirs. Soc. Petrol. Eng. J. 24 (02), 141-152. http://dx.doi.org/10.2118/8939-
PA.

Silva, J.A., Sal6-Salgado, L., Patterson, J., Dasari, G.R., Juanes, R., 2023. Assessing the
viability of CO2 storage in offshore formations of the Gulf of Mexico at a scale
relevant for climate-change mitigation. Int. J. Greenh. Gas Control 126 (April),
103884. http://dx.doi.org/10.1016/j.ijggc.2023.103884.

Tene, M., Bosma, S.B., Al Kobaisi, M.S., Hajibeygi, H., 2017. Projection-based embedded
discrete fracture model (pEDFM). Adv. Water Resour. 105, 205-216. http://dx.doi.
org/10.1016/j.advwatres.2017.05.009.

Wang, C., Ran, Q., Wy, Y.-S., 2019. Robust implementations of the 3D-EDFM algorithm
for reservoir simul with fractures. J. Pet. Sci. Eng. 181,
106229. http://dx.doi.org/10.1016/j.petrol.2019.106229.

Wilson, Z.A., Landis, C.M., 2016. Phase-field modeling of hydraulic fracture. J. Mech.
Phys. Solids 96, 264-290. http://dx.doi.org/10.1016/j.jmps.2016.07.019.

Witherspoon, P.A., Wang, J.S.Y., Iwai, K., Gale, J.E., 1980. Validity of cubic law for
fluid flow in a deformable rock fracture. Water Resour. Res. 16 (6), 1016-1024.
http://dx.doi.org/10.1029/WR016i006p01016.

Wu, Y.S., Qin, G., 2009. A generalized numerical approach for modeling multiphase
flow and transport in fractured porous media. Commun. Comput. Phys. 6 (1),
85-108. http://dx.doi.org/10.4208/cicp.2009.v6.p85.

Xia, Y., Jin, Y., Oswald, J., Chen, M., Chen, K., 2018. Extended finite element modeling
of production from a reservoir embedded with an arbitrary fracture network.
Internat. J. Numer. Methods Fluids 86 (5), 329-345. http://dx.doi.org/10.1002/
fld.4421.

Xia, Y., Wei, S., Deng, Y., Jin, Y., 2022. A new enriched method for extended finite
element modeling of fluid flow in fractured reservoirs. Comput. Geotech. 148,
http://dx.doi.org/10.1016/j.compgeo.2022.104806.

Zeng, Q., Liu, W., Yao, J., Liu, J., 2020. A phase field based discrete fracture model
(PFDFM) for fluid flow in fractured porous media. J. Pet. Sci. Eng. 191, 107191.
http://dx.doi.org/10.1016/j.petrol.2020.107191.

Zhou, S., Zhuang, X., Rabczuk, T., 2019. Phase-field modeling of fluid-driven dynamic
cracking in porous media. Comput. Methods Appl. Mech. Engrg. 350, 169-198.
http://dx.doi.org/10.1016/j.cma.2019.03.001.

Zulian, P., Schidle, P., Karagyaur, L., Nestola, M.G., 2022. Comparison and application
of non-conforming mesh models for flow in fractured porous media using dual
Lagrange multipliers. J. Comput. Phys. 449, 110773. http://dx.doi.org/10.1016/j.
jep.2021.110773.




Appendix A. Publications included in the compendium 106

A.2
Paper 2

Hydromechanical embedded finite element for
conductive and impermeable strong

discontinuities in porous media

Cavalcanti, D., Mejia, C., Roehl, D., de-Pouplana, 1., & Onate, E.
Computers and Geotechnics, 172, 106427.(2024).
https://doi.org/10.1016/j.compgeo.2024.106427



107

Appendix A. Publications included in the compendium

Computers and Geotechnics 172 (2024) 106427

Contents lists available at ScienceDirect

Computers and Geotechnics

ELSEVIER journal homepage: www.elsevier.com/locate/compgeo
Research Paper 1)
Hydromechanical embedded finite element for conductive and s

impermeable strong discontinuities in porous media

Danilo Cavalcanti ®>%", Cristian Mejia %, Deane Roehl ¢ ae

Eugenio Onate *

, Ignasi de-Pouplana

® CIMNE - International Centre for Numerical Methods in Engineering, Spain
Y Department of Civil and Environmental Engineering, Pontifical Catholic University of Rio de Janeiro, Brazil
© Universitat Politecnica de Catalunya (UPC), Spain

d Tecgraf Institute, Pontifical Catholic University of Rio de Janeiro, Brazil

© Department of Strength of Materials and Structural ing (RMEE), Universil lite

de Catalunya (UPC), Spain

ARTICLE INFO ABSTRACT
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The pore pressure inside oil and gas reservoirs compartmentalized by sealing faults increases during injection
processes. The rise in the pore pressure can induce fault reactivation, leading to hydraulic issues such as fluid
leakage from the reservoir to other layers and seismicity. Therefore, it is essential to accurately model the
mechanisms involved in this problem, primarily related to the presence of a strong discontinuity, a fault, inside
the domain. Several numerical approaches can be used to represent the presence of discontinuities. The
embedded finite element method (EFEM) has recently gained attention because it does not require the mesh to
conform with the discontinuities, thus circumventing the typical mesh generation challenges of modeling faulted
domains. The current EFEM formulations cannot properly model a hydromechanical problem such as fault
reactivation, due to simplifications in their derivation. Hence, this work proposes a new fully coupled hydro-
mechanical EFEM formulation based on the Strong Discontinuity Approach that can represent discontinuities
acting as preferential flow paths or barriers for the fluid flow. The formulation is applied to a fault reactivation
problem, showing the main reactivation mechanisms. This paper also discusses the presence of spurious oscil-
lations along the discontinuities and their relations with the mesh discretization.

1. Introduction

The use of deep geological formations to store carbon dioxide (CO3)
is agreed to be feasible and important to limit the increase in the average
atmospheric temperature (IPCC, 2021; Metz et al., 2005). In these sites,
pre-existing discontinuities, such as geological faults, can play a signif-
icant role as a trapping mechanism for storing CO, (Pereira et al., 2014;
Silva et al., 2023; Metz et al., 2005). In the risk assessment and moni-
toring of the injection and storage of COj, the risk of fault reactivation
must be analyzed to guarantee that it will not escape to other rock strata
and that no induced seismicity appears. Therefore, numerical simula-
tions of such problems have been extensively studied in the literature
(Cappa and Rutqvist, 2011; Chan and Zoback, 2007; Jha and Juanes,
2014; Pan et al., 2016; Pruess and Spycher, 2007; Quevedo et al., 2017;
Rueda et al., 2014; Rutqvist et al., 2007, 2013, 2016; Serajian et al.,

2016).

The complexity of simulating a fault reactivation problem requires
an accurate method that can capture the reactivation mechanisms.
Different numerical approaches have been proposed to represent dis-
continuities (Berre et al., 2019; Jing, 2003). In the context of the Finite
Element Method, the most accurate and computationally cumbersome is
the Discrete Fracture Method (DFM), which uses zero-thickness inter-
face elements to model the behavior of the discontinuities (Day and
Potts, 1994; de-Pouplana and Onate, 2018; Nguyen et al., 2017; Segura
and Carol, 2008a, 2008b). Despite its computational cost, one of the
main difficulties associated with DFMs is the requirement of
discontinuity-conforming meshes (Fadakar et al., 2017; Lima et al.,
2023). In realistic problems, DFM imposes a huge challenge in mesh
generation.

To avoid the need to explicitly represent the discontinuity in the
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Fig. 1. Problem domain and boundary conditions.

mesh, enriched finite element formulations have gained attention due to
their capability to implicitly represent the discontinuity in the domain.
In the Extended Finite Element Method (XFEM), the primary fields of the
problem, e.g., the displacement and the pore-pressure fields, are
enriched with a discontinuous function using a global or local partition
of unity (Belytschko et al., 2001; Crusat et al., 2019; De Borst et al.,
2006; Khoei, 2015). Its application in geomechanics extends from fault
reactivation problems (Hosseini et al., 2023; Liu, 2020; Prévost and
Sukumar, 2016) to hydraulic fracturing problems (Cruz et al., 2018,
2019; Hosseini and Khoei, 2020; Khoei et al., 2015, 2016, 2018; Vahab
et al., 2019). Similarly, the embedded finite element methods (EFEM)
also implicitly incorporate a discontinuity by enriching the primary
fields (Cazes et al., 2016; Damirchi et al., 2021; Jirasek, 2000). The
difference between the two approaches is mainly the nature of the
enrichment. The XFEM defines the enrichment degrees of freedom in a
global sense at the nodes of the finite element mesh, meaning that the
enrichment degrees of freedom at these nodes are shared by the ele-
ments connected to them. On the other hand, EFEM represents the
discontinuity of the primary fields using the jumps that occur at the
nodes of the intersection between the discontinuity and the finite
element mesh (Cervera et al., 2022; Dias-Da-Costa et al., 2010; Wu,
2011). Therefore, the most straightforward advantage of EFEM over
XFEM is the reduced number of enrichment degrees of freedom. In
EFEM, if the jump degrees of freedom are taken as local variables, the
enrichment degrees of freedom can be condensed by solving the gov-
erning equations associated with the discontinuity at an element level
(Linder and Armero, 2007; Stanic et al., 2020). However, considering
the jump degrees of freedom as global variables defined at the nodes of
the discontinuity has the advantage of guaranteeing the continuity of the
jump field along its extension (Bybordiani and Dias-da-Costa, 2021;
Dias-da-Costa et al., 2009a, 2009b).

In the context of coupled hydromechanical problems, the existing
embedded finite element formulations have limitations regarding their
application in some practical reservoir simulations. For example, in a
fault reactivation simulation, it is essential to model discontinuities that
act as preferential paths or as barriers to the fluid flow. To meet the latter
behavior, the pressure field needs to be enriched with a Heaviside
function (Cavalcanti et al., 2024). Also, the enriched displacement field
must include linear deformation modes to avoid stress locking (Linder
and Armero, 2007). In the literature, none of the coupled hydrome-
chanical embedded finite element formulations have such features
(Armero and Callari, 1999; Benkemoun et al., 2015; Callari, 2004;
Callari et al., 2010; Larsson et al., 1996; Lu et al., 2017). Recently,
Damirchi et al. (2022) presented a hydromechanical embedded finite
element formulation based on the strong discontinuity approach using a
coupling finite element (Bitencourt et al., 2015) to assure compatibility
between the continuum and discontinuity meshes. They applied the
formulation to problems with discontinuities acting as a preferential
path for fluid flow.

This paper proposes a fully coupled hydromechanical embedded
finite element formulation, considering a strong discontinuity on both
displacement and pore-pressure fields, for the transient behavior of
deformable porous media. The present formulation allows the modeling
of discontinuities that act as preferential paths or as barriers for the fluid
flow in the porous media. In this formulation, no coupling finite element
or coupling parameter is required. The paper is structured in the
following sections. Section 2 presents the derivation of the weak form of
the governing equations as well as the definition of the enrichment of the
displacement and pore-pressure fields. Section 3 presents how the
problem is solved with the proposed embedded finite element formu-
lation. Section 4 presents two validation tests. Section 5 presents the
application of the proposed formulation in solving a fault reactivation
problem. Finally, Section 6 summarizes the main conclusions of the
work.

2. Governing equations

A domain Q crossed by discontinuity I'q is adopted for the following
derivations, as shown in Fig. 1. It separates the model into two sub-
domains (Q" and Q) based on the normal vector to the discontinuity
surface, ng, such that Q" is the sub-region at which the normal vector ng
is pointing.

The boundary conditions associated with the displacement field, u(x,
t), are:

cn=txecl, (€9)]
u=uxecl,
6 ng=tg,xecly

where ¢ is the Cauchy stress tensor, t is the traction vector on the
boundary with normal n associated with the natural boundary condi-
tions, U is the prescribed displacement, tg is the traction vector on the
discontinuity boundary, with normal ng.

The boundary conditions associated with the pore-pressure field in
the continuum porous media, py(x, t) are:

Vi N =(m,X €Ty 2)
Pm =DPm,XET,
[Vmlng = qa,x € Ty

where vy, is the fluid relative velocity vector, G, is the flux associated
with the natural boundary conditions, qg is the flux through the
discontinuity, p,, is the prescribed pressure associated with the essential
boundary conditions, and [ ] denotes the jump in the field along I'y.
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2.1. Approximation of primary fields

The problem is governed by three independent fields: the displace-
ment, u(x,t), the pore-pressure of the continuum porous media, py(X,t),
and the pore-pressure along the discontinuity surface, pAx,t).

To incorporate a discontinuity into the domain without having it
explicitly represented requires that u(x,t) and ppm(x,t) be defined as
presented for the following generic field g(x) (Oliver, 1996):

8(x) = 8(x) + (7, (%) - ¢(x) )g(x) [©)]

where g(x) is the regularized part of the field, g(x) is the enrichment part
of the field, /77, (x) is the Heaviside function, and ¢(x) is an auxiliary
function defined, respectively, as

3(%) = 8(x) + 0 (x)g(x) “@

. _f1, xeQ"

e, (%) = {0. otherwise ®
1, xereQ'

’”<X):{o, xeTeQ ©

with g(x) being the regular part of the field.
Fig. 2 illustrates the composition of the generic field with a regu-
larized enrichment.
2.2. Mechanical equilibrium problem
The differential equilibrium equation is:
Ve+b=0,xeQ @)

where b represents the body force per unit volume vector.
Applying the Galerkin method followed by the Divergence theorem:

—/VSSu :6dQ+ [ Su -(6-n)dl' + /6u~bd£2 =0 ®)
Q 0Q Q
The integral along the boundary of the domain is decomposed as

/ Su-(6-n)dl’ = / 5u<(s<n)d1‘+/ 5u<(6<n;)dl‘+/ du-(¢-ny)dl’
P I r T

[©)]

and applying the boundary conditions, Eq. (1), and substituting Eq. (9)
into Eq. (8)

/Vs5u 1 6dQ +/ Jult; dr — /5u~t dr — /6u~b Q=0 (10)
Q Tq I Q

Finally, adopting Biot’s stress decomposition (Biot and Blot, 1941;
Biot and Willis, 1957).

glx) t

X
rd I

(2)
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6=6 —apy, I (11)
tg=1ty — o pyng (12)

where ¢’ is the effective stress tensor, t4 is the effective cohesive stresse
vector, and « and oy are the Biot’s coefficient of the porous media and the
discontinuity, respectively.

Assuming that the continuum porous media is elastic, the effective
stresses are

c(e)=De (13)

where D is the elastic constitutive matrix.

A traction-separation elastic and an elastoplastic cohesive law gov-
erns the discontinuity behavior, t;/ = t4 ([ul]). For the elastic cohesive
model, the effective traction vector is

ts ([ull) = T4 Rylul (14)

where Ry is the rotation matrix from the global cartesian to the
discontinuity local coordinate system, and Ty is the constitutive tensor

Ty = [’5 ﬂ as)

with ky and kg being the discontinuity normal and shear cohesive stiff-
ness.To avoid the penetration of the two regions along the discontinuity,
a penalty approach is used. The normal stiffness is defined based on the
current opening of the discontinuity, w = [ull, + wo, where [u], is the
normal displacement jump and wy is the initial opening:

kn:{k"O ,wa>0 16
pk, .if w<O
where k9 is the initial normal stiffness, and p is the penalization coeffi-
cient, which is equal to 5 E/l,, with E being the Young modulus and [, the
characteristic length (Hosseini et al., 2023).

For the elastoplastic cohesive model, an additive decomposition of
the displacement jump vector is defined as

[u] = [u]f + [ul a7

where [u]’ and [u]’ are the elastic and plastic parts of the displacement
jump, respectively.

The yield criterion is a combination of the Mohr-Coulomb, fyc, and a
tension cut-off, fr¢, surface:

Sfuc = |ts| +tytanp — ¢ (18)

fre=tn—f; (19)

{960, () — i) git2)

: ——
lal 4 *
(b)

Fig. 2. Behavior of a generic one-dimensional field with a strong embedded discontinuity: (a) regularized generic function and (b) discontinuous part of the

generic field.
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O Juc<0,frc<0
O fuc> 0, fre<0
O frc>0, 15 < sign(tg)(c - £, tand)
O f1c>0, 15> sign(fs)(c - /; tand)

Fig. 3. Illustration of the return mapping of cohesive stresses to an admissible
state. This representation is valid for f; < ¢ / tan ¢.

where ts and ty are the shear and normal components of the cohesive
traction vector, ¢ is the friction angle, c is the cohesion, and f; is the
tensile strength.

Fig. 3 presents the split of the cohesive stress space ty - ts based on the
two yield surfaces and how an inadmissible trial elastic traction state is
corrected considering these surfaces.

The plastic part of the displacement jump is computed using the flow
rule combining the active surfaces. For instance, when both are active:

[alf = lMcaggc + ATC%L:: (20)
where Ayc and Aq¢ are the plastic multipliers and guc and gr¢ are the
plastic potential surfaces of the Mohr-Coulomb and the tension cut-off
yield criteria, respectively. The plastic potential surface for the tension
cut-off equals its yield surface. For the Mohr-Coulomb, the plastic po-
tential is

8uc = |ts| + tytang — ¢ 21)

where ¢ is the dilatancy angle.

For more details on the cohesive stress integration algorithm and the
definition of the tangent constitutive matrix, see Abreu et al. (2022) and
Potts and Zdravkovic (1999).

2.3. Fluid flow through the porous media

The continuity equation of the continuum porous media is,

.1 0pn _
aV-u+M?+V-vm70‘ x € Q\I'y (22)

where M is Biot’s modulus (Biot and Willis, 1957):

-1
M:<I%+°‘I;“)> @3)

where ¢ is the porosity, and K; and Ky are the bulk moduli of the solid
skeleton and the fluid, respectively.
Applying the Galerkin method followed by the Divergence theorem
gives:
5 1 Opm
8pm(aV-1)dQ + pm| — = |dQ+ [ Opm(Vim-m)dD
o M ot 20

Qg \Ca

- Vopm v dQ

Jarg

=0 (24)

Decomposing the integral along the boundary and applying the
boundary conditions, eq. (2) yields:
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. 1 Opm _
8P (aV-1)dQ + / P (7 d‘l) dQ + / Pm Gm dI’
Jayry Q\ry M ot Jry
—/ Vopm qq dU — Vopm Vi dQ
L Q\ly
-0 (25)

Neglecting gravity effects, Darcy’s law governs the relative fluid
velocity in the porous medium
k

Vi = — prm (26)

where ky, is the intrinsic permeability matrix and p is the dynamic fluid
viscosity.

The fluid flow exchange between the discontinuity and the porous
medium, g4, can be decomposed into two parts:

=g +q7” @7
with

ai” = cr(pr—py) 28)
ai’ =) @9

where cr and cg are the leak-off parameters, which control the trans-
versal flow through the discontinuity.

Finally, substituting Egs. (26)-(29) into Eq. (25), provides the weak
form of the continuity equation for the continuum porous medium:

i . 1 _
/ épm(av-u)dQJr/ 6p'"<171 %)dQJr/épm Gmdl'
o\ry Jary T,
f/Vﬁpch(pffpiﬁ)de/Vﬁpm cs(ps —p}, )dr
¥ Ty

k,
+ VP (7"‘ me) dQ

Q\l'y

=0 (30)
2.4. Fluid flow inside the discontinuity

The one-dimensional continuity equation of the discontinuity is

1 oy

o Vg-g + Mo

+Vgvp=0, xeTy 31

where Myis Biot’s modulus of the discontinuity. The divergence operator
is defined at the discontinuity local system as

0 a)
Va=|=— =— 32
¢ [ds dn] @2
The derivation of the weak form of the continuity equation for the

continuum porous media follows the steps of the previous section. The
final integral form is the following:

. 1
/ Spy (afvd»ud> d£2+/ Spy (ﬁ %) dQ +/ 8py qqdl’
o o Ly Ty

- / V4dps-vedQ
&
=0 (33)

The terms of Eq. (33) are assumed constant in the discontinuity
normal direction, see Fig. 1, and, thus,can be simplified. The first term is
rewritten as,
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Ad,, AP2>P12
dy, py

d; ps

Ady, Apy, pp 4

@

d,. p,
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A d_q-.l",h
Ay, by

d,. .
ay by

Fig. 4. Degrees of freedom in a quadrilateral element for (a) EFEM and (b) XFEM.

h
/ dps (afvd-lid> dQ = / /Bpf (llde‘ﬁd) dn dr
Jos Jry.
—h
/ opy ap(2h) = (‘)”5 |h + \—h )dI‘

+ / spyaylinldr 34)
Iy

The second term in Eq. (33) is

9py
/ (M at)dﬂ //Spﬁdtdndl" /2h5pr Prgr

(35)
The fourth term in Eq. (33) is:

9dpy, Opy
Vapyvyde2 = //vs — kaVep; )dndr" = — /w Pbry Pt g
/nl 48Py vy a0y~ kaVapy) as Mo
(36)

where k; is the discontinuity longitudinal permeability, which is defined
by the cubic law as (Snow, 1965; Witherspoon et al., 1980)

w?
k= 25 37)

Finally, the weak form of the continuity equation results by
substituting Egs. (34)-(36) into Eq. (33):

1 dus
/«Spf(xfw (65 |h+ B

myop-L P ar 8pmer (py —p )dr (38)
+/‘_d( JoPrat ot +/Ide CT(P] P )

. = i 0dpy, op,
(-) f f
+ /ra Vépmes (pf — D, )dl + V/rd(Zh) e k,—as dr =0

—h )dl"+/ Spyoy[[uiy I
Ta

3. Embedded finite element formulation

This section presents the embedded finite element discretization as a
reduction of the enrichment variable used in an XFEM discretization.
Fig. 4 presents the degrees of freedom (DOFs), based on both XFEM and
EFEM, of a quadrilateral finite element crossed by a strong discontinuity
with length l4, a tangential unit vector mg = [cos a sin «]”, and a normal
unit vector ng = [— sin « cos oc]T.

In XFEM, the displacement and pore-pressure fields of the porous
media are discretized as

d; p,. Pa dy, pa.
a, b, a, by
(b)
u(x, t) = Ny(x)d(t) + Ny(x)a(t) (39)
Pr(%,8) = Np(x)p(t) + Np(x)b(t) (40)

where, d and a are the standard and enrichment DOFs of the displace-
ment field, p and b are the standard and enrichment DOFs of the pore
pressure field in the porous media, Ny, a = u, p, contains the standard
shape functions of the finite element, and N, contains the enrichment
shape functions defined as:

Nu(%) = No(x) (71, (01~ Hy? ),a = u.p “n

where Hf;’] is a diagonal matrix with the Heaviside function evaluated at
the nodes associated with each degree of freedom of the finite element.

In the continuity equations, the discretization of the pore pressure
field of the porous medium at a specific region of the domain, Q" or Q"
is defined as

P (x,6) = Nyx)p(t) + N, (x0b(t) “42)

(x) is the matrix with the enhanced shape functions at Q*,

with 7r,(x) = 1, and ﬁ;)(x) is the matrix with the enhanced shape
functions at Q~, with /77, (x) = 0.
The pore pressure in the discontinuity mid-plane is:

Ni(s)py(t) (43)

where ﬁ‘(:)

pr(s,t) =

where pyis the pore pressure DOF vector at the discontinuity mid-plane
and Ny is a vector containing Lagrange shape functions defined in terms
of the tangential coordinate of the discontinuity, s.

The displacement jump along the discontinuity is

[ull(s,t) = Ry Na(s)Ad(t) (44)
where Ad is the vector with the discontinuity nodal displacement jumps
and Ny is a matrix containing Lagrange shape functions defined in terms
of the tangential coordinate of the discontinuity.

The symmetric part of the displacement field gradient in the
continuous part of the domain is

Viu(x, t) = By(x) d(t) + B,(x) a(t), x€Q\ly (45)
where By (x) = 0N, (x) and B, (x) = dN,(x), with 0 being the represen-
tation of the symmetric gradient operator in matrix form.

The divergent of the displacement field rate is

Vit =m” (Bu(x)d(t) + B, (x)a(r) ) x € Q\l[y (46)
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(@

Fig. 5. Enrichment deformation modes: (a) Constant translation; (b) Small relative rotation; (c) Stretching.

withm” = [11 O]T, for bidimensional problems.
The rate of the normal displacement jump is
[ein1(s. ) = ng"Na(s)Ad (1) 47

The mean rate of the derivative of the shear displacement jump in the
tangential direction is

1 (%m + % R ) = 1, (Bu0d(0) + B] ()a(0)) (48)

with rg = [cos?a sin?a sin « cos o] and

Bl (x) = N,(x) (%1 —HY ) (49)
The gradient of the pore-pressure field of the porous media is:

Vpn(x,t) = By(x)d(t) + B,(x)b(t), x € Q\Iy (50)

where B)(x) = VN,(x) and ﬁp (x) = Vﬁp (x).

3.1. Mapping matrices

In the proposed EFEM, the enrichment part of displacement and
pore-pressure field in the porous media are discretized using the
displacement and pressure jumps at the intersection nodes between the
discontinuity and the finite element borders, as illustrated in Fig. 4. In
order to obtain such a discretization, we define a linear transformation
that reduces the enrichment DOFs space to the jumps of each field, as:

a(t) = M,Ad(t) (51)

b(t) = M,Ap(t) (52)

To obtain M, the jump of the displacement field is assumed to have a
linear variation along the tangential coordinate, s. Then, the trans-
mission of the displacement jump to the continuum is assumed to be a
combination of three different deformation modes: a constant trans-
lation, a small relative rotation around the discontinuity reference point,
and a stretching mode, as illustrated in Fig. 5 (Dias-da-Costa et al.,
2009). The linear deformation modes are important to avoid stress-
locking behavior (Linder and Armero, 2007).

ru(t) F(t) Fi'(1) Owens Q" QT
tp(t) p=4 Onp 3~ F () 3+ | Opxny Hn+ Ly Ly
1y, (£) O,y (1) O sny  —Lmf'  Hpt Ly
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(b)

The displacement mapping matrix of a node, My, (x), can be written
as a composition of two parts: the rigid-body deformation modes,
MRE(x), and the stretching modes, M5(x).

M, (x) = M (x) + Mj(x) (53)
with
- . _T
1 (y - y,ef)sma (3 — Xreg ) sina
2 L L
(y - )’ref) cosa 1 (x— Xny)cosa
1 2
MR (x) = d L (54)
1 (y - ,ef)sina (% = Xvey) sina
o
2 Iy Ly
(y - y,ef) cosa  q (y - y,ef) cosa
L ly 2 ly ]
2 . T
—cos?a  —sina cosa
sioy _ S(X)| —sina cosa  —sin’a
M, (x) = L cos’a sina cosa G5
sina cosa sin®a

The mapping matrix of the pressure jump of a node, M, (x), is defined
assuming that the transmission to the continuum occurs entirely in the
normal direction, i.e. (Damirchi et al., 2021):

1 s(x)

1 s(x)
2 i 2 Iy

M, (x) = — (56)
Finally, element mapping matrices are obtained by concatenating by

rows the nodes mapping matrices evaluated at the nodes of the element,

namely,

(57)

My = [My(x1)" Mo(x2)" . Ma(xa)']"@=up

3.2. Linearization and time integration

Substituting Egs. (39)-(52) into the weak form of the equilibrium,
Eq. (10), and both continuity equations, Egs. (30) and (38), leads to the
following residual vector,

u(t) Ongxny Ongnp Ongny | [ 03 (e)
P(t) 3+ Q Sn Onpcny, P(t) (58)
pr(t) Er+Q Onypsny ¢ Pr(t)



Appendix A. Publications included in the compendium

D. Cavalcanti et al.

where U = [dT AdT]T is the set of displacement DOFs, P = [pT ApT]T is
the set of the continuum pore-pressure DOFs. The sub-indices in the
zeros in eq. (58) indicate the size of the vector/matrix, with ny, np and
nys being the number of components of U, P, and Py, respectively. F{Y(t),
F§“(t) and F;;“(t) are the nodal external loads and fluid discharge, vec-

tors; FZ“ is the internal force vector,
B, 6 dQ
By = T o (59
M,"B, & dQ+/ Ng"Ry"ty dT
\lg Iy

H,, is the fluid flow matrix of the porous medium,

/ BPT&B,,dQ / BpTﬁf;,, M, dQ
o\ry K Q\Iy K
Hy=| | (60)

ok = Ky
MPTBPTF'"deQ MI,TBPTT"'BPM,,dQ

Q\Iry \ry

Hy is the fluid flow matrix of the discontinuity,
N;" oN
Hf = / WQk,QdF 61
Jr, 0s " 0s

L, Ly and Ly are the matrices that couple the flow between the porous
medium and the discontinuity,

Ly =LY + L) (62)

/ N,"crjs N, dO / N,Ters Ny /M, d
Tq Tq

Ly = . (63)
() e T, )
K M,'N, " crp N, dQ /l M,"N, crjp N, M, dQ
d d
/ N,"(cr + cg)Ny dQ

Ly = ST ! <7 ©9

/M,,TNp cr Ny d9+/ M,"N, " cs Ny dQ

Ty Ta
Ly = / N;"(cr + cg)Npdl (65)

Ty

Sy, is the compressibility matrix of the porous medium,

1 1~
N,"=N,dQ / N," =N, M,dQ
/ N [ N
Sp = " " (66)
M,TN, N, dQ / M,™N," =N, M,dQ
P P M P’ o\ P P M PP

g

Sy is the compressibility matrix of the discontinuity,

5 = / N YN, dr ©7)
o My

Q is the hydromechanical coupling matrix of the porous medium,

/ B, maN,dQ
o\ry

MuTﬁuTm(x N,dQ

ary Iy

/ B,'m aN,M,dQ
QT _ Q\ly . R (68)
M,"B, maN,M,dQ

Qs and E are the hydromechanical coupling matrix of the discontinuity,

O,

|,
Q= / Ny"oayngNydl' 69
Ty
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| 10 kN/m

1.0m

.5 m 0.5 m

Fig. 6. Geometry and boundary conditions of consolidation in discontin-
uous block.

E = [ / WN;"a1,B,dl / wN,Ta,rsf;fMudr] (70)
Ty Ty

where ng is the number of components of standard displacement DOFs d.
Using a fully implicit time integration scheme and then linearizing
the system results in

ry i+1 sU i+1 Iy i
Tp =Jiih{ P +¢ 1 (71)
T ) nia 30 ) o T ) nia
with
T T
K -Q -Q
_ 1 1
Jil = AQ At Hu Ly Ly (72)
l(Q +Ey) —Lyy" 1 +Hf+ L
A\ TE mf ay L

where K is the tangent stiffness matrix:

/ B,'DB,dQ
’)

K= ¢ R I
/ M,"B, DB,dQ M."B, DB M,dQ + / Na"R,"T;RgNydl
Qg Tq

Q\ry

/ B,’DB,M,dQ
Q

(73)

The numerical integration of the matrices and vectors defined over
the continuum porous media domain presented in egs. (59) - (73) is
performed by applying a sub-division of the element domain into
triangular sub-domains, a common practice in XFEM (Khoei, 2015). This
is required due to the presence of the Heaviside function in sub-matrices
associated with the enrichment DOFs (Dias-da-Costa et al., 2009). The
matrices and vectors defined over the discontinuity domain are inte-
grated using a two-node trapezoidal rule (Dias-Da-Costa et al., 2010).

The enrichment DOFs Ad, Ap, and py, are all considered global de-
grees of freedom. Therefore, they are not statically condensed.

4. Validation tests

The solution obtained with the embedded formulation here proposed
is compared with that obtained using a discrete fracture model with
triple-node interface elements implemented in the in-house computa-
tional framework GeMA (Mejia et al., 2020; Mendes et al., 2016; Rueda
et al., 2020).

Despite the formulation being flexible and allowing different leak-off
parameters at each side of the discontinuity, cr and c, in the following
examples, they are assumed to have the same value c, and are referred to
as the leak-off parameter.
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Fig. 7. Pore-pressure profile at the discontinuity mid-plane for different times.
4.1. Consolidation of a block crossed by a discontinuity

Segura and Carol initially solved this consolidation problem (Segura
and Carol, 2008) using fully coupled HM interface elements. The ge-
ometry and boundary conditions are summarized in Fig. 6. The
displacement jumps in the discontinuity are fixed for comparison with
the reference solution. The model properties are Young’s modulus of 1.0
MPa, Poisson’s ratio of 0.3, normal cohesive stiffness of 2.0e04 kPa/m,
shear cohesive stiffness of 1.0e03 kPa/m, discontinuity opening of
2.4038e-04 m, hydraulic conductivity of 1.1574e-05 m/s, fluid dynamic
viscosity of 1.0e-06 kPa s, and leak-off parameters of 1.0 m/(kPa s).

The domain was discretized with a regular finite element mesh of 11
x 11 linear quadrilaterals. A transient analysis was performed with a
fixed time step of 0.5 s.

Fig. 7 presents the EFEM results for the pore pressure profile at the
discontinuity mid-plane at different times. It also includes the solutions
proposed by Segura and Carol (Segura and Carol, 2008).

The numerical results show that the EFEM captures the influence of
the discontinuity in the consolidation process and demonstrates good
agreement with the solution obtained using the DFM, as illustrated in
Fig. 7.

l l 10 kN/m

® 0000006060000
N
® 0006060606060 0600

]

T

10 m

(a)

16 m
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4.2. Consolidation of a block with an inclined internal discontinuity

This benchmark is inspired by the model proposed by Lamb et al.
(2013) using XFEM and considering permeable and cohesionless dis-
continuities. Here, the problem is adapted considering a stress-
dependent discontinuity crossing the domain. The influence of the
discontinuity on transversal flow is investigated. The discontinuity
longitudinal permeability, Eq. (37), is updated during the analysis.

The geometry and boundary conditions are presented in Fig. 8(a).
The nodal displacement jump in the x-direction at the lateral borders is
zero. The finite element mesh of the DFM used for validation is pre-
sented in Fig. 8(b), which has 2703 nodes, 2500 linear quadrilateral
finite elements, and 50 triple-node interface elements (Nguyen et al.,
2017; Rueda et al., 2020).

The mechanical properties are Young’s modulus of 40.0 MPa and
Poisson ratio of 0.3. The discontinuity cohesive material is elastic with
normal and shear cohesive stiffness of 5.0e03 kPa/m and an initial
opening of 1.063e-03 m. The hydraulic conductivity is 1.0e—08 m/s, the
fluid dynamic viscosity is 1.0e—06 kPa-s, the compressibility of both the
fluid and the solid grains are neglected.

The domain was discretized with a structured mesh of 50 x 50 linear
quadrilateral finite elements. A transient analysis was performed during
100 days, using a fixed time-step of 1 day.

Fig. 9 shows the pressure evolution over time at the node with co-
ordinates (0.0,8.0) for EFEM and DFM models considering two leak-off
parameter values, a high leak-off, ¢ = 1.0 m/(kPa s), and a low leak-off,
¢ = 1.0e—15 m/(kPa s). The result for a model without discontinuity is

10 I I
no discontinuity
——EFEM-¢c=1.0

8 %\ EFEM - ¢ = 1.0e-15[
6

o DFM-c=1.0
© DFM -c¢ = 1.0e-15

Pressure (kPa)

RN

0 2 4 6 8 10
Time (s) % 10°

Fig. 9. Pressure evolution over time at the left bottom node.

(b)

Fig. 8. Consolidation of a block with inclined discontinuity (a) Geometry and boundary conditions (Adapted from Lamb et al. (2013), (b) Finite element mesh used in

the DFM.
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Fig. 11. Pressure profile along at x = 5.

also shown for comparison.

The results in Fig. 9 show good agreement between the EFEM and the
DFM solutions, and how the discontinuity can affect the consolidation
process. The discontinuity with a high leak-off parameter acts as a
preferential path for fluid flow, allowing the pressure to decrease at a
higher rate than the model without discontinuity. On the other hand, the
discontinuity with a low leak-off parameter acts as a barrier for trans-
versal fluid flow through the porous media. In this case, the pressure

NP

N
; AN /
N

-4 -3 -2 -1 0 1 2
Horizontal displacement (m)  x 10

no discontinuity © DFM-c=1.0
——EFEM-c=1.0 © DFM -c¢ = 1.0e-15
—EFEM - ¢ = 1.0e-15

(2)

(b)

Fig. 10. EFEM model pressure field (kPa) for (a) domain without discontinuity, (b) and (c) block with inclined discontinuity with ¢ = 1.0 and ¢ = 1.0e—15 m/(kPa s),
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drop happens at an even higher rate. To better understand the influence
of the discontinuity leak-off parameters over the pressure distribution,
Fig. 10 shows the pressure field for the models without and with the
discontinuity using EFEM, and Fig. 11 shows their pressure profile along
the y-coordinate at x =5 m. The values correspond to the final time step.

Fig. 10 shows how the discontinuity with different values of leak-off
parameter influences the pressure distribution. In Fig. 10(b) a prefer-
ential path of fluid flow can be observed, following the direction of the
discontinuity. In Fig. 10(c), since the discontinuity is acting as a barrier
for the fluid flow, the pressure field on the bottom part of the domain
does not dissipate.

Fig. 11 allows visualizing the pressure jump across the discontinuity
for the low leak-off parameter scenario.

The influence of the discontinuity with different leak-off values on
the displacement field is also analyzed, and the profiles along the y-
coordinate at x = 5 m are shown in Fig. 12.

Fig. 12 shows that the discontinuity significantly impacts the
displacement field components and that it is strongly affected by the
leak-off parameter. The results showed an excellent agreement with the
solutions from the DFM.

The cohesive stresses along the discontinuity are compared with
solutions using a DFM (see Fig. 13). The results show spurious oscilla-
tions on the cohesive stresses along the discontinuity using the EFEM.
The literature reports this behavior in association with XFEM, occurring
when the discontinuity runs skewed to the mesh (Crusat et al., 2019;
Moés et al., 2006; Sanders et al., 2009). Since the EFEM, as presented
here, can be seen as a particular case of XFEM, it is assumed that the

15
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DFM - ¢ = 1.0e-15

no discontinuity
——EFEM-c=1.0
—EFEM - ¢ = 1.0¢-15

(b)

Fig. 12. Displacement along the y-coordinate at x = 5: (a) horizontal and (b) vertical components.
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Fig. 13. Cohesive stresses along the fault: (a) normal cohesive stress and (b) shear cohesive stress.

10 ] 5 10

(@

Fig. 14. Model discretization (a) uniform unstructured quadrilateral mesh (USQ), (b) uniform unstructured triangular mesh (UST), (c) unstructured quadrilateral
mesh with refinement close to the discontinuity (USQR), (d) structured aligned with the discontinuity (SA50).

causes of the oscillations are the same. Despite these spurious oscilla-
tions in the cohesive stresses, the results of the displacement and pres-
sure fields agree well with the solutions obtained with a DFM.

Finally, to analyze the effect of spatial discretization, the consoli-
dation problem with a low leak-off parameter was solved using six
different finite element meshes: two regular structured meshes with
different levels of refinement, 50 x 50 (S50) and 100 x 100 (S100); one
uniform unstructured quadrilateral mesh (USQ); one uniform unstruc-
tured triangular mesh (UST); one unstructured mesh refined at the re-
gion close to the discontinuity (USQR); and one non-regular 50 x 50
structured mesh that aligns to the discontinuity (SA50). Fig. 14 presents
the non-uniform and unstructured meshes.

Fig. 15 presents the results for the displacements, cohesive stresses,
and pressure for the six finite element meshes.

From the displacement (Fig. 15 (a) and (b)) and pressure (Fig. 15 (e))
profiles along x =5 m and the pressure evolution over time (Fig. 15 (f)),
the results show that they are not mesh-dependent. Meanwhile, the
adopted mesh can strongly affect the cohesive stresses along the
discontinuity. The unstructured mesh with triangular elements reported
major spurious oscillations. This is expected since linear triangular finite
elements have a constant strain and stress field and, hence, a poorer
representation. The oscillations in the cohesive shear stresses tend to
reduce with mesh refinement. However, the cohesive normal stresses for
the unstructured quadrilateral mesh with a high refinement close to the
discontinuity still presented high oscillations at some points. The points
of higher oscillations occur when the discontinuity crosses the finite
element very close to one of its vertices. Finally, the oscillations are
eliminated with the use of a mesh that is aligned with the discontinuity.

5. Fault reactivation problem

The fault reactivation problem analyzed here is based on the one
studied by Cappa and Rutqvist (2011). The geometry, boundary condi-
tions and DFM mesh are presented in Fig. 16. It consists of a reservoir
sealed by two caprock layers crossed by a fault. The fluid is injected with
a volumetric discharge of 2.0e-5 m®/s. The nodal displacements and
pressure jumps at the bottom edge of the model are zero. The origin of
the cartesian system is located at the left bottom node of the model, as
indicated in Fig. 16. The initial pressure at the top of the reservoir
corresponds to a water level located at y = 2500 m, and an atmospheric
pressure of 100 kPa acts at the ground surface.

All layers have the following common properties: Young’s modulus
of 10 GPa, Poisson’s ratio of 0.25, fluid dynamic viscosity of 5.98e-7
kPa.s, fluid bulk modulus of 2.2e6 kPa, Biot coefficient of 1, saturated
rock specific weight of 22.6 kPa/m, water specific weight of 10 kPa/m,
and incompressible solid grains. Other parameters adopted for each
layer are summarized in Table 1.

To avoid numerical instabilities due to the very low permeability of
the caprock layers, the pressure degrees of freedom of the elements
located internally in the caprock layers are fixed at the hydrostatic
value.

The fault segment in the aquifers is taken as elastic, and in the
reservoir and caprock layers as elastoplastic, following the Mohr-
Coulomb criterion with tension cut-off. The normal and shear stiff-
nesses are 5.0e9 kPa/m, the initial opening is 1.0e-7 m, the friction
angle is 25°, the dilatancy angle is 20°, and the cohesion and the tensile
strength are zero.
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Fig. 15. Results of the consolidation problem using different meshes: (a) horizontal displacement profile at x = 5 m, (b) vertical displacement profile at x =5 m, (c)
shear cohesive stress along the discontinuity, (d) normal cohesive stress along the discontinuity, (e) pressure profile at x =5 m, (f) pressure at the right bottom node
over time.
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Fig. 16. Fault reactivation problem: (a) Geometry and boundary conditions (adapted from Cappa and Rutqvist (2011); (b) DFM mesh.

Table 1
Hydraulic properties of each layer.
Properties Basal Caprock  Reservoir ~ Upper
aquifer aquifer
Intrinsic permeability 1.0e-16 1.0e-19  1.0e-13 1.0e-14
(m?
Porosity 0.01 0.01 0.1 0.01
2000
1500
E 1000
)
500
0
0 5 10 15 20 25

Pore pressure (MPa)

(@

The pore-pressure field is initialized with a hydrostatic gradient of
10.0 kPa/m, and the vertical effective stress is initialized considering the
self-weight with a resultant gradient of 12.6 kPa/m, as shown in Fig. 17.
The horizontal effective stresses are initialized by o, = Ko o), with Ko
being the Earth-pressure coefficient.

The initial cohesive stresses along the discontinuity are computed by
rotating the stress vector following the direction of the discontinuity:

2000
1500
~
E 1000
>
500
— Vertical stress
— Horizontal stress
0
-25 -20 -15 -10 -5 0

Effective stress (MPa)

(b)

Fig. 17. Initial conditions for the fault reactivation problem: (a) Pore-pressure; (b) Effective stresses.
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Fig. 18. Mesh discretization with (a) aligned structured, (b) regular structured, and (c) refined regular structured mesh used in the EFEM.
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Fig. 19. Pressure field, in MPa, with (a) ¢ = 1.0e—9 m/(kPas) and (b) ¢ = 1.0e—12 m/(kPa s).
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Fig. 21. Fault internal pressure in comparison with the pore pressure at the adjacent faces of the fault for leak-off: (a) 1.0e—9 and (b) 1.0e—12 m/(kPa s).
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Appendix A presents how these initial conditions are incorporated
into the numerical model

A simulation was performed for 365 days. The initial time step is
1000 s and is adapted during the analysis limited by a maximum value of
1 day. Two finite element meshes are tested, one structured aligned with
the discontinuity and one regular structured, as shown in Fig. 18.

The problem is solved with two values for the leak-off parameter,

Oy

1.0e-9 and 1.0e-12 m/(kPa s). Fig. 19 shows the pressure field at the end
of the analysis using EFEM with the aligned mesh, presented in Fig. 18
(a).

First, results using EFEM with the aligned mesh, presented in Fig. 18
(a), are compared with those using the DFM. The displacement profiles
along the y-coordinate at x = 1000 m are shown in Fig. 20 for two leak-
off parameters, 1.0e-9 and 1.0e-12 m/(kPa s). The results show a good
agreement between the EFEM and DFM solutions, and it evidence that
the change in the leak-off parameter strongly affects the displacement
field.
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Fig. 22. Comparison of (a) the normal and (b) the shear stresses along the fault at the end of the simulation.
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Fig. 23. Slip tendency evolution using EFEM with the aligned mesh.

Fig. 21 shows the fault internal pressure along its length in com-
parison with the pressure at the fault adjacent faces. The results show
that EFEM captured a similar pressure build-up as the DFM, for both
values of leak-off parameter.

Fig. 21 (a) shows that for the higher leak-off parameter, 1.0e- 9 m/
(kPas), the pore pressure inside and at the fault adjacent planes are
approximately the same. However, for a lower leak-off parameter, 1.0e-
12 m/(kPa s), the results show that there is a pressure jump across the
fault and the internal pressure is an intermediate value concerning the
pressure in the adjacent planes. Hosseini et al. (2023) and Jha and
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Juanes (2014) discuss that to be closer to safety in assessing fault
reactivation, the pore pressure inside the discontinuity should be
imposed as the maximum value regarding the adjacent planes. This
could be accomplished through the present embedded formulation by
imposing a constraint on the definition of the pressure field inside the
discontinuity.

The increments in the cohesive stresses for the two leak-off param-
eters at the end of the analysis are presented in Fig. 22. The results show
that the normal cohesive stress increment is higher for the lower leak-off
parameter, which is related to a higher pore-pressure build-up observed
in Fig. 21. Higher shear cohesive stresses at the layers outside the
reservoir are also observed for a lower leak-off value.

To assess the fault reactivation, as performed by Quevedo et al.
(2017), a slip tendency (ST) parameter, Eq. (75), was evaluated at three
points along the fault. The results are shown in Fig. 23. The points of the
fault are labeled based on their y-coordinate.

[t5]

“tang e 7

Fig. 23 shows that the leak-off parameter strongly influences the
reactivation of the fault. For a lower leak-off parameter, since there is a
higher pore-pressure build-up, the reactivation happens earlier. It also
shows that the first point in the reservoir, in both cases, to reactivate is
the one located at the edge with the upper caprock layer.

Finally, the influence of the mesh in EFEM is evaluated by comparing
the cohesive stress increments and the slip tendency parameter evolu-
tion along the fault for the two meshes shown in Fig. 18, for a leak-off
parameter of 1.0e-9 m/(kPa s). The results in Fig. 25 show that the
spurious oscillations in the cohesive stresses along the fault, observed in
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Fig. 24. (a) Normal and (b) shear cohesive stresses along the fault with EFEM and ¢ = 1.0e—9 m/(kPa s).
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1 r but not that much in the EFEM one. We observed that these oscillations

;" / did not affect the global behavior of the model when the cohesive ma-
terial is linear elastic.

Finally, the proposed EFEM was used to model fault reactivation
problems, capturing the principal reactivation mechanisms. The results
show that the spurious oscillations in the cohesive stresses can affect the
/ evaluation of the fault reactivation since in this problem it was adopted
,/'/ 4 an elastoplastic cohesive material model. The authors observed that this
! problem can be mitigated by using more refined meshes, but will further

&} 7 investigate ways to completely avoid it in future works.
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Fig. 24 and discussed in the previous example, impact the fault reac-
tivation analysis. Given that an elastoplastic cohesive model is used, for
a same mesh discretization, the spurious oscillations in the cohesive
stresses can indicate that the fault is pre-maturely reactivated. We have The authors declare that they have no known competing financial
observed, by performing further tests, that using furtther refined meshes interests or personal relationships that could have appeared to influence
reduces this problem. the work reported in this paper.
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Appendix A. Geostatic state

The initial stress state and hydrostatic pressure are defined in transient analysis by adding the geostatic contribution to the external solicitation
vectors F(t), F§*(t) and F;;“(t)‘ The vector associated with the displacement degrees of freedom is computed as:

/Bur(c’ — amp)dQ
JQ

. ) (76)
M, By (6 — amp)d9+/NdTRdT(td - (andpf)dr
Jry

G
Fo —
Jarg
with ¢’ and t4 being the initial stress and cohesive stress tensors, respectively, and the pressures p and py correspond to the initial hydrostatic state.
The vectors associated with the pressure DOFs are:
F® = (Hp + Ln)P — Ly Py @77)

Fy* = —Luy P+ (H; + Ly)py (78)
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ARTICLE INFO ABSTRACT
Keywords: Embedded finite element formulations have gained increased attention for modeling strong
Embedded Finite Element Method (E-FEM) discontinuities in solid mechanics problems, as they eliminate the need for mesh conformity

Strong Discontinuity Approach (SDA)
Enhanced Assumed Strain (EAS)
Spurious oscillations

required by discrete fracture models. While several such formulations have been extensively
studied, particularly regarding strategies to mitigate stress locking, less is understood about the
causes and possible remedies to the spurious stress oscillations along cohesive discontinuities.
In this work, we employ the Enhanced Assumed Strain framework to derive two of the most
popular formulation types: the Kinematically Optimal Symmetric (KOS) and the Statically
and Kinematically Optimal Nonsymmetric (SKON). We investigate their performance in a
broad range of scenarios, including stick and slip contact conditions, in both two and three
dimensions, using linear and quadratic finite elements. Our results show that the SKON
formulation consistently yields smoother cohesive stress fields by enforcing local equilibrium
in a strong sense. While spurious oscillations are effectively eliminated under stick conditions,
small-amplitude oscillations may persist under slip conditions; however, they are significantly
reduced compared to the KOS formulation. Finally, we demonstrate the application of the SKON
formulation to a fault reactivation problem, confirming its capability to accurately capture stress
evolution and assess fault reactivation risk.

1. Introduction

In computational mechanics, accurately modeling pre-existing strong discontinuities, such as fractures and geological faults, is
essential for reliably predicting structural behavior. The complexity of this modeling increases significantly due to the cohesive
characteristics and contact behavior inherent to these discontinuities. Based on the Finite Element Method (FEM), different
approaches have been developed to accurately simulate these discontinuities [1]. Among the FEM-based methods, the discrete
fracture model (DFM) provides the most accurate representation of these discontinuities using interface elements [2-8] or high-
aspect-ratio elements [9,10]. However, it poses a challenge during mesh generation, as the mesh must conform to the discontinuity
surface [11,12]. Meanwhile, formulations such as the Extended/Generalized Finite Element Method (XFEM/GFEM) [13-17], and
Embedded Finite Element Method (E-FEM) [18-20] have gained prominence because they can capture discontinuities without
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requiring mesh conformity. An alternative methodology is phase-field methods, which represent cracks as diffused interfaces via
an energy functional with a length scale and can couple with cohesive zones [21,22]. In this work, we focus on E-FEM. The main
difference between E-FEM and XFEM lies in the nature of the enrichment field [23-25]. XFEM follows the Partition of Unity [13,26]
to discretize the enrichment part of the field, with the enrichment degrees of freedom (dofs) being defined at the nodes of the mesh
and are considered global variables. In E-FEM, the enrichment field has a lower continuity order, which allows the enrichment dofs
to be condensed at element level.

Since the pioneer works of Dvorkin et al. [27,28], Simo and Rifai [29] and Simo et al. [30], several finite element formulations
with embedded strong discontinuities have been proposed in the literature [18,20,31-33]. Jirasek [34] presented a comprehensive
study on the different types of embedded finite element formulations, assuming constant strain finite elements with embedded
discontinuities with a constant displacement jump. He classifies them into three groups: Statically Optimal Symmetric (SOS),
Kinematically Optimal Symmetric (KOS), and Statically and Kinematically Optimal Nonsymmetric (SKON).

The SOS formulation is fully variationally consistent with the Hu-Washizu functional [35] and guarantees traction continuity
across the discontinuities [36-38]. However, because of its poor kinematic behavior, spurious stress transfers occur, leading to
stress locking and a low reported use in the literature. Nevertheless, it has been shown that eight-node quadrilateral elements are
stable [39]. The KOS formulation resolves the stress locking instability by considering the rigid body deformation modes introduced
by the discontinuity in the definition of the element kinematics. However, this formulation is inconsistent with the Hu-Washizu
principle, and the traction continuity condition is not guaranteed [20,32,40-43]. Improved versions of this formulation have been
proposed to guarantee traction continuity across the discontinuity [42,44]. Finally, the SKON group combines the advantages of the
SOS and KOS groups [18,19,45-47], having a consistent kinematic behavior and assuring the traction continuity condition [30],
which is achieved through a Petrov—Galerkin method.

Multiple authors have reviewed and compared various groups of embedded formulations [23,34,42,48-51]. Their primary focus
was on how these formulations affect the overall behavior of the model, particularly regarding stress-locking issues, and their impact
on the load-displacement response. While this issue is by now well understood and there are several formulations that effectively
address it, there remains a need for further investigation into how the type of formulation influences the local behavior of the
discontinuity fields, specifically the displacement jump and cohesive tractions. It has been reported that cohesive tractions at the
discontinuity can experience spurious oscillations [52], which can significantly degrade the accuracy of embedded formulations
based on the Strong Discontinuity Approach (SDA), especially in problems where cohesive stresses play a significant role, such as
in fault reactivation analyses.

Recently, combining a clustering method with a KOS formulation has been shown to alleviate spurious traction oscillations [53].
Following a similar approach, a non-local method was proposed using a KOS formulation for constant strain finite elements, such
as linear triangular, to solve spurious oscillations [41].

It is important to note that, in the context of XFEM, the issue of spurious traction oscillations has been subject to investiga-
tion [54,55], and various approaches have been proposed to address this problem. One approach involves stabilizing the functional
associated with the variational problem using methods such as Nitsche’s method [56-59], the Polynomial Pressure Projection [60], or
other stabilization techniques [61-63]. Another approach is to change the space of the discretized variables using sub-interpolation
schemes [64,65] or adopting reduced Lagrange multiplier spaces [66-68]. Due to differences in the definition of the enrichment
field between XFEM and E-FEM, the stabilization techniques developed for XFEM cannot be directly applied to E-FEM. However,
they still provide useful insights into the causes of the spurious traction oscillations.

Besides SDA-based embedded formulations, other FEM-based methods allow the implicit incorporation of discontinuities.
Idelsohn et al. [69] proposed an enriched FEM that handles both weak and strong discontinuities. Their approach involves
subdividing elements into triangles or tetrahedra that conform precisely to the discontinuity surface, allowing the enrichment space
to be discretized using these sub-elements. In the strong-discontinuity case, nodes located on the surface are duplicated so that
the two sides carry independent displacements. They treat their enrichment degrees of freedom as local variables and apply a static
condensation to eliminate them. To improve the continuity of the enriched space, they include inter-element forces in the weak form.
Another approach is the Discontinuity Enriched FEM (DE-FEM) [70]. Like the method by Idelsohn et al. [69], it relies on element
subdivision, but differs in two key respects: the enrichment DOFs correspond directly to displacement jumps and are treated as
global variables. This method has proven effective in eliminating spurious traction oscillations and in handling material interfaces,
immersed boundaries [71], and discontinuity intersections in two- and three-dimensional problems [72].

It is important to note that spurious oscillations in cohesive tractions are not unique to embedded or XFEM-type approaches;
they also appear with standard interface elements. Appropriate interface quadrature can significantly reduce or eliminate such
oscillations [73,74]. Yet oscillations may still persist in cases involving highly anisotropic cohesive laws or when large penalty
stiffness values are used for contact enforcement. In such situations, mixed Augmented-Lagrangian schemes with quadratic
displacement and linear Lagrange multiplier interpolation alleviate the oscillations [75]. More recently, Nitsche-based stabilized
formulations have proven effective in eliminating them altogether [76,77].

Unlike earlier studies on E-FEM that mainly compared variants through global load—displacement curves using constant strain
elements [23,34,42,48-51], we target the local behavior of cohesive tractions along embedded discontinuities for both KOS and
SKON formulations. We also explore the use of various finite elements with linear and quadratic interpolation. Besides, we highlight
that in the literature using E-FEM, the issue of spurious-traction oscillations has been addressed only for the KOS version [41,53],
while the influence of SKON remains largely unexplored, aside from early evidence of oscillations in continuum stress fields [78].
To close this gap, we evaluate the performance of both KOS and SKON by analyzing the behavior of the cohesive traction through
a series of tests, including two- and three-dimensional problems in different contact conditions. The comparisons are restricted to
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Fig. 1. Domain with the presence of a strong discontinuity.

SDA-based embedded formulations whose enrichment DOFs are element-local and can be statically condensed; methods that retain
global enrichment variables lie beyond the present scope.

The paper is structured as follows. Section 2 presents the derivation of the weak form of the governing equations. Section 3
presents the finite element discretization. Section 4 presents some numerical examples. Finally, Section 5 summarizes the main
conclusions of the work.

2. Governing equations

Consider the problem presented in Fig. 1 with a domain 2 € R” (n = 2, 3) closed by a boundary 02, with 0Q = I, U I,
(I, n I, = §). The boundary I, is associated with the essential boundary conditions and I, with the natural boundary conditions.
The domain is crossed by a discontinuity £24, which divides it into two subdomains 2% and Q~. Their definition is based on the
normal vector to the discontinuity, ng, such that 2% is the subregion at which the vector ny points.

2.1. Strong form

Considering small displacements and strains, and neglecting the inertial effects, the boundary value problem is governed by

V-o+b=0, x €\, (€5)]
e=Vu, x € Q\Qq, (2)
c=2X(), Xx € Q\Qq, 3)

where o is the Cauchy stress tensor, b is the body force vector, ¢ is the strain tensor, u is the displacement vector, V denotes the nabla
operator, and the superscript ()° indicates the symmetric part of a second-order tensor. The operator X(-) denotes the constitutive
relation, which for elastic materials is defined as

oY (e, 2
Z(e) = M @
Jde
where ¥ is the elastic strain energy density function.
The field boundary conditions are
u=uy xeT,, 5)
t=ty, xeTI, (6)

with t = o - n, where n is the outward unit normal vector to the boundary of the domain 9£2.
Finally, along the discontinuity, the cohesive stresses, tq, must be in equilibrium with the tractions on each side of the
discontinuity:

6+-ng=—0'_-n5=—td,xerd, @)
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Fig. 2. Construction of the unit jump function in a one-dimensional problem with an embedded strong discontinuity.
Source: Adapted from [49].

We consider a smooth discontinuity surface. Therefore, we can assume that ng = —ng = ny. The cohesive stresses are determined
by a cohesive law, with tq = t4q ([u]]), with [u] being the displacement jump at the discontinuity surface, defined on Iy, as

[u] =ut —u". 8

2.2. Strong discontinuity kinematics

To incorporate the kinematics of a strong discontinuity, the displacement field is defined as

u) = 600 + (71,00 - ¢ ) ) W), ©
where 1 is the regular part of the displacement field, 1 is the enhanced part of the displacement field, ', is the Heaviside function,
1, xent
Hr (X) = s 10)
1 {0, X€E Q"
and ¢”" is an arbitrary auxiliary continuous function that needs to obey
1, xeQh\Q
o"(x) = 7\ " an
0, xeQ\Q,

with 2, being a subdomain of @ surrounding the discontinuity surface I'y, see Fig. 1. The purpose of ¢"(x) is illustrated in Fig. 2,
which shows that subtracting %, (x) by @" makes it zero outside the support Q,.
In Eq. (9), the admissible affine set of total displacement field % is

‘Zl:{ulu:ﬁ+(%’,a—qj")i,ﬁe@,ﬁe%}, a2
with

= {ﬁlﬁe (' @]".§, =u0}, (13)

7={ulie(r* @'}, 14)

where L? denotes the space of square-integrable real functions.

L2(9>={g|/g2dg<oo}, (15)
Q

and H' is the Hilbert functional space
H'(Q) = {g lge [2(Q),Vge [L? (Q)]”},with d = dim . 1e)

Therefore, the enhanced displacement field is defined in a space with a lower continuity requirement than the regular
displacement field.
Substituting the displacement field, Eq. (9), into the compatibility equation, Eq. (2), we obtain

£(x) = VAU(X) + £(x), a7
where

E(x) = F,(x) + 67, (%) ([ul(x) @ ng(x))°, 1s)
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where 6, is the Dirac’s delta defined at the discontinuity and &, the bounded part of the enhanced strain field, given by

X = (71,00 - 0" (0)) VEX) - V' () @ (Y. 19)

We assume that the enriched displacement field is composed only of rigid-body deformation modes, which implies that Vsu(x) =
0. Then, the bounded part of the enhanced strain tensor can be simplified to [32,41]

F(x) = -V (x) ®U(X). (20)

2.3. Weak form

There are different approaches to derive the weak form of the governing equations associated with this problem, including
the Variational Multiscale Method [23,47,79,80], the Enhanced Assumed Strain (EAS) method [18,29,81,82], and even plasticity-
like frameworks [83]. Cazes et al. [50] present the derivation of a constant strain triangular element with an embedded strong
discontinuity with constant displacement jump using all three approaches. Here, we adopt the EAS approach to derive the weak
form of the governing equations.

In the EAS method the strain field is decomposed into a compatible, V*u, and an incompatible part, &,

£(x) = Viu(x) + &(x). 21

Comparing the format of the strain tensor defined by the EAS method, Eq. (21), with the strain tensor including the kinematics
of a strong discontinuity, Eq. (17), leads to &(x) = #(x). Hence, the effect of a strong discontinuity can be incorporated directly into
the strain field as an incompatible strain mode [18].

In the EAS formulation, the weak form of the governing equations is derived from the Hu-Washizu functional, which considers
the displacement, strain, and stress fields as independent [35].

H(u,e,o‘):/'{’(e,):(e))dﬂ—/t~udf—/b~ud!2—/a:(s—Vsu)dQ. (22)
Q T, Q Q

The stationary condition of this functional corresponds to an integral weak imposition of the linear momentum balance, Eq. (1),
and an integral imposition of the compatibility, Eq. (2), and constitutive, Eq. (3), equations, as

/st:cd_Q— v~tdr—/v.bd.q:0, for ve 7, (23)
Q I, Q

/r:(e—VSu)dQ:O, for €S, 24
Q

/y:():(e)—o) dQ =0, for ye g, (25)
Q

where v € 7, r € § and y € & are, respectively, the admissible variations of the displacement, stress and strain fields, where
nxn
=0;.
I,

s=&=[L2(@)|"" and 7 =qvIve [H @)]".v

As done in Eq. (21) for the strain field, its admissible variation, y, is also decomposed into a compatible and an incompatible
part as

y=Viv+7, (26)

with 7 being the admissible variation of the enhanced strains.
Substituting the strain decomposition, Egs. (21) and (26), into Egs. (23), (24) and (25), the Euler equations associated with the
Hu-Washizu functional can be re-written as:

/VSVIZ(E)d.Q— v'td[“—/v~bd.(2:0, 27)
Q I Q

/7:(2(5)—6) dQ =0, (28)
Q

/‘r 1EdQ=0. (29)
Q

Eq. (29) enforces L*-orthogonality of the incompatible strains to the admissible stresses, so they perform no virtual work.
Consequently, it implies that o depends only on the regular strain field.

Based on Eq. (18), the enhanced strain field and its admissible variation are further decomposed into a bounded, £, and a
discontinuous part, 6, (Ml ® 11d)S belonging to the space & defined as [18]

%:{E=zb+5rd(ud®nd)5|zbeg,ude%d}, (30)

where %4 = [L* (©)]".
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Fig. 3. Hexahedral finite element with embedded strong discontinuity.

Applying the enhanced strain decomposition into Egs. (28) and (29),

/ T (Z()—0) dQ +/ o, (va®ng)® 1 (Z(e)-0) d2 =0, (31
Q Q

/T:de9+/§rdr:(ud®nd)sa’9:0. (32)
Q Q

Using Dirac’s delta property and re-writing the tensor double-contraction,
/7b:(2(e)—a')d(2+/ vq- ((Z(€)—0)-ng) dI' =0, (33)
Q Iy
(34

/r :Ebd.<2+/ (z-mq) -ugdl =0.
Q Iy

By choosing the space § as L*-orthogonal to &, the problem composed by Egs. (27), (33), (34) is reduced to [29]: Findu € %

such that for allve 7 and ¥y € 87, it holds that

/st:Z(e)dQ— v-tdF—/v-bdQ:O,
Q L Q

/7b : )Z(E)d_(2+/ vq - tg (ug) dT =0.
Q Iy

In (35), we have t4 (uq) = = (¢) - ng, from the traction continuity condition in Eq. (7). Eq. (34) is not present in the system (35)

(35)

since it becomes trivial with the orthogonality assumption.
Finally, from Eq. (33), the orthogonality condition imposes that
(36)

/ﬂ,:adﬂ:—/ vq-(0-mg) dr,
2 Iy

which will later be used to define the discretization of 7.

3. Finite element discretization
This section covers the discretization of the system described in Eq. (35) through a finite element approach. To maintain
generality, we will consider a three-dimensional domain, as it can later be easily simplified to a two-dimensional one. For the

sake of notation simplicity, we assume that the domain £ consists of a single finite element, denoted as e.

3.1. Geometric characterization of the embedded discontinuity

In finite element, the discontinuity can be characterized by its centroid, x., and its orientation vectors, as shown in Fig. 3. We

consider the discontinuity to be a straight plane inside the element.
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The discontinuity normal vector is determined by

1 2
(Xé) - Xref) X (ij) - Xref)
ng = (37)

o @ '
(Xd - Xref) X (Xd - Xref) ‘

and the tangential vector m; by

1
(Xg - xref)

= (38)
(58]
The second tangential vector is then obtained by
my =ng Xm;. (39)
Along each tangential axis, a relative coordinate is defined as
5; = (Xg = Xpe) my, i=1,2. (40)

3.2. Regular fields
The regular part of the displacement field, Eq. (9), is approximated using the standard finite element shape function matrix,
N(x), as
#"(x) = N(x)d, (41)

where d represents the regular degrees of freedom (dofs).
The approximation of admissible variation of the displacement field, v*, and its symmetric gradient are, respectively,

vix) = Nx) 1, (42)

VSV (x) = B 7, “43)
where B(x) is the standard finite element strain—displacement matrix and # represents the dofs associated with the variation of the
displacement field.

3.3. Enrichment deformation modes
The displacement jump along the discontinuity in the discontinuity local coordinate system, ug, is defined in terms of the enriched
dofs, a, as

wi(sy, 52) = Ny(sy, 55) @ 49

my

For a constant displacement jump, Ny(s;,s;) = I and @ = [o)" a;
component having linear variations along s, and s,, they are

ag]T. While for a displacement jump with the normal

1 00 0 O
Ng(s;,s9)=[0 1 0 0 0], (45)
0 0 I s s
a=lq o @ o o] “6)
The admissible variation of the displacement jump, vg, is approximated as
Vi(s1,52) = Ng(s1,52) B, (47)

where B represents the admissible variation of the enriched dofs.
The enhanced part of the displacement field, Eq. (9), is defined based on the discontinuity jump field, with each enriched dof
being associated with an enhanced deformation mode’ [45]:

0"(x) =o' m; + o> my +aing+af (ngm;T —m;ng") Ax+a} (myng" —ngm,T) 4x, (48)

Relative translation modes Relative rotation modes

where AX = X — Xf.

1 The derivation of these enhanced modes is presented as supplementary material using a Matlab LiveScript.
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The auxiliary function ¢”, used in Eq. (9), is defined as [18,45,47]
nt
o' = Y NO ). (49)
i=1
where n* corresponds to the number of nodes in Q7.
Finally, the enhanced part of the strain field, Eq. (20), is

£l (x) = Bxa, (50)
with
(B(’)(x)ml)T "
(B(”(x)mz)T
Bo=- ) (BO(ng)" : G
ieQt

(BOx) (ngm; T —m; ng"
(B9 (myng" —ngm,T
Then the strain field, (17), is discretized as

e"(x) = Bx)d+Bx) a, x € Q\Iy. (52)

3.4. Stress projection matrix

In Voigt notation, the strain tensor is represented by & = {e,.€,,.¢,,.2¢,,,2¢,,,2¢,,)7 and the stress tensor is o’ =
{Oxxs Oy o‘zz,oxy,ayz,axz}T. Then, a projection matrix P is defined as
T
n, 0 0 n, 0 n
P={0 n, 0 n. n, 0}, (53)
0 0 n, O n, ny
such that
(va® nd)S =PAV., (54a)
6-ng=A"P'o", (54b)

where the discontinuity orientation matrix A = [m; m, ny] is introduced because the enriched dofs are defined in the discontinuity
local coordinate system, see Eq. (47). It acts as a rotation matrix of the displacement jumps and the traction vector.
The discretization of the admissible variation in the bounded part of the enhanced strain field, 7g, is

i) = G(x) B. (55)

In the Kinematically Optimal Symmetric (KOS) versions of embedded finite element formulation, matrix G is equal to B, Eq. (51).
In the Statically and Kinematically Optimal Nonsymmetric (SKON) versions, G is defined based on the orthogonality condition,
Eq. (36), as

ﬂT/ G'o'd0= _pT/ N]ATP 6"dr. (56)
2 ry
Substituting Eq. (47) and having G = [G, G, G,]|, Eq. (56) can be restated as

B B ﬁ2]</ 6, G GZ]TGhd_Q+/ [PA s, Pny sand]TahdF>:0. (57)
Q Ia

It assumes that the matrices inside the integrals are proportional to each other through a polynomial function g, (x), k =
0,1,2, [23,45,47,84]:

G =[-g®PA —g (x)Png —gx) Pyl . (58)

The polynomial g, (x) is assumed to have an order that matches the polynomial approximation of the discrete stress field
o’ (x) [46],

.
g@=p@ [ P ] =pwe (59)

" =p®'[o, o o, o] =pXTS, (60)
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where p(x) is the polxnomial basis. Its definition depends on the finite element used; for example, for linear hexahedral elements,
pXx) = [l x y z] .
Substituting Egs. (58), (59) and (60) into Eq. (57), leads to

-1
o o cZ]=</ﬂppTd-Q) [/ropdl [rysipdr [p sopar]. 61)

Another condition required in the discretization of the enhanced strain field, 7§, comes from the generalized patch test, which
requires the finite element to accurately represent a uniform stress field [34]. Therefore, the enhanced strains must be orthogonal
to any uniform stress field, 6. [81]; that is

0=/GI Frx)d2 =0 / G(x)dQ . (62)
Q Q
Since this must be valid for all admissible variations B, we conclude that

/ G(x)dR=0. (63)
Q

This is known as the zero-mean condition. In the SKON formulation, this is naturally achieved. An alternative that can be found
in the literature, but is not explored in this work, is to subtract from the enhanced strain field the mean value of each component
of the matrix B (x) [34,81,85,86]:

- [oBx)dQ
Gx)=Bx) -2 ——. 64
(x) (x) [oxd% (64)

3.5. Solution scheme

The residual vectors of the system are obtained by applying the discretization into the system in Eq. (35)

rc(d,a):/BTZ(d,a) dQ - NTtdr—/Nderzzo, V#0,
Q I, Q

(65)
rg(d, ) = / G'xd o d.Q+/ Njtq(@) dI =0,V #0.
Q Iy
where the subscripts “c” and “d” in the residual vectors stand for “continuum” and “discontinuity”, respectively.
The system is solved using an incremental-iterative strategy
1 1 1
R
Kie  Kaa ntl Sa n+l Yl ,q
with
K = / B'DBdQ, (67)
Q
Ky = / B'DBdJQ, (68)
Q
K4 = / G'DBJQ, (69
Q
Kgg = / G'DBdQ+ / N]TqNgdI, (70)
Q Iy

where D denotes the bulk tangent constitutive matrix and T, the tangent cohesive matrix on the discontinuity. For a linear-elastic
cohesive law,

kk 0 0
Ty=|0 k0], 71)
0 0 k

n

with k; and k, being the elastic shear and normal cohesive stiffnesses, respectively.

Due to the local nature of the enhanced degrees of freedom, a, which are associated with the enrichment space & defined in Eq.
(30), these degrees of freedom can be statically condensed at the element level [45,47,87,88]. This condensation is achieved using
a local-global operator split approach [89], in which the equilibrium equations associated with a are solved locally within each
enriched element. During this process, the residual vector ry is treated as a function of a, i.e., ry = rq(a), while the regular degrees
of freedom d are kept fixed at their current iteration value, d

n+l"
Since rq is zero, the solution of the second equation in the system (65) is

ot =~ (Kddﬁm )71 ch2+1 od)" 72)

n+l — n+l”



Appendix A. Publications included in the compendium 134

D. Cavalcanti et al. Finite Elements in Analysis & Design 253 (2026) 104485

Fig. 4. Triangulation of the discontinuity surface inside the finite element in different intersection scenarios.

Substituting in the first equation,

_ o
Kln+l 6d‘n+l - l.é‘n+1 ’ (73)
with K; 1 being the tangent stiffness matrix containing the condensed contribution of the enrichment,
_ . . L .
K:Hl = KCC;:+1 - KCd‘n-H (Kdd:ﬁl) KClc;+l . 74)

3.6. Numerical integration

In the definition of the enhanced strain field, as presented in Eq. (20), a simplification is made by considering only rigid-body
modes. This simplification enables using a regular quadrature rule to evaluate the integrals defined on the continuum [32].

To compute the contribution of the discontinuity cohesive forces, defined by the integrals over the discontinuity surface in
Egs. (65) and (72), the integration points of the discontinuity surface inside an element are defined based on triangulation, as
illustrated in Fig. 4. In each triangle, the integration points are defined following a first-order Newton—Cotes rule [24,73,90]. The
per-element triangulation is performed using Dynamic Programming optimization [91] with a pre-defined criterion for optimal
triangles.

4. Numerical examples

In this section, we compare the KOS and SKON-embedded formulations in several numerical experiments. The examples
considered are classical benchmark problems commonly used in the literature to evaluate the stability of cohesive stresses across
embedded interfaces. Patch tests that assess the global behavior of these formulations can be found in [23,45,47,50]. The SOS
formulation is excluded from this comparison, as it suffers from stress locking and is infrequently used in practice.

In contact mechanics, stick and slip conditions define two limiting regimes into which problems are typically classified.
Under stick conditions, there are no relative displacements between the discontinuity surfaces [u]] = 0; while under slip relative
displacements are present, [[u]] # 0 [60,67]. The selected examples cover both cases.

Unless otherwise specified, the continuum is composed of a linear elastic material with Young’s modulus of 10 GPa and Poisson’s
ratio of 0.3. The discontinuity is modeled with a linear isotropic cohesive material with a cohesive stiffness of 1.0e7 GPa/m. This
high stiffness serves as a penalty parameter to avoid overlapping between the two regions separated by the discontinuity. Finally,
the example in Section 4.6 explores the use of the SKON formulation in a fault reactivation problem.

In all examples, when a discontinuity intersects an internal mesh node, a small perturbation is applied to the node coordinates,
as motivated by Idelsohn et al. [69]. The magnitude of the perturbation is equal to 0.1% of the mean characteristic length of the
elements connected to the node and is applied following the normal vector of the discontinuity surface.

The computational implementation was performed in the in-house multiphysics framework GeMA (Geo Modeling Analysis)? [92].
It has been successfully applied to a wide range of problems, such as hydraulic fracturing [7,8,93-96], fluid flow and hydromechan-
ical simulations in naturally fractured reservoirs [97-100], salt geomechanics [101-103], and others. For the examples presented
in this work, we employ the interface element available in GeMA [104] to construct a discrete fracture model (DFM) with a similar
mesh refinement, serving as a reference solution.

4.1. Horizontal fracture under uniform tension
This example assesses the ability of the formulation to transmit a uniform stress across an interface [61,76,105]. The geometry

and boundary conditions are shown in Fig. 5

2 https://web.tecgraf.puc-rio.br/gema/
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Fig. 5. Geometry and boundary conditions of a 1 X 1 x 1 m block with horizontal discontinuity surface under uniform tension.

{a) (b)

Fig. 6. Discretization with linear tetrahedral elements: (a) Continuum structured mesh (10648 nodes and 55566 elements); (b) Unstructured
mesh (17158 nodes and 92312 elements).

Table 1
Discrete L2 relative error of the normal cohesive traction for structured and unstructured meshes (z = 0.50
m).
Cohesive stiffness (GPa/m) Structured Unstructured
KOs SKON KOs SKON
1.0E6 1.4553E-03 3.0503E-13 4.0703E-03 1.6679E-12
1.0E9 2.6661E-01 1.1648E-11 1.8689E+00 6.7425E-12
1.0E12 3.3325E-01 6.8231E-12 6.3140E+01 7.5093e-12
1.0E15 3.3333E-01 7.9905E-12 7.7657E+01 7.1787E-12

Two finite element meshes with linear tetrahedral elements were adopted, one structured and one unstructured, as shown in
Fig. 6.

Following Ghosh et al. [76], we assess the discrete L? relative error of the normal traction, Eq. (75), for different values of
cohesive stiffnesses

; N2
Eifixf (rf{) _ f?)
Error= ——— (75)

A\ 2
Nip ()
A

where Njp is the total number of integration points along the interface, tg) is the normal cohesive stress, and 7, is the reference
value at the integration point i. For this problem, the normal cohesive stress along the interface is constant and equal to the pressure
load applied at the top face, 10 kPa.

First, the discontinuity is set at z = 0.5 m. For each mesh, we solve the problem using both KOS and SKON with four values
of cohesive stiffness: 1.0e6, 1.0e9, 1.0e12, and 1.0el5 GPa/m. Table 1 reports the relative error. Fig. 7 shows the normal cohesive
traction along the interface for the case with 1.0e9 GPa/m.

The results in Fig. 7 and in Table 1 show that SKON recovers the uniform cohesive traction to round-off level (errors ~
10~11-107'2) on both meshes for all stiffnesses. In contrast, KOS does not transmit a uniform normal traction and its error depends
on mesh and stiffness. The unstructured mesh shows the largest degradation as the stiffness increases. This superior behavior of the

11
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Fig. 7. Normal cohesive traction (kPa) along the plane at z = 0.50 m: (a) Structured mesh with KOS formulation; (b) Structured mesh with SKON
formulation;(c) Unstructured mesh with KOS formulation; (d) Unstructured mesh with SKON formulation.

Table 2
Discrete L? relative error of the normal cohesive traction for structured and unstructured meshes (z = 0.51
m).
Cohesive stiffness (GPa/m) Structured Unstructured
KOS SKON KOS SKON
1.0E6 2.8792e-02 3.0483e-13 4.1872e-03 1.9495e-11
1.0E9 8.5379e—-01 1.1834e-11 1.8797e+00 4.6797e-11
1.0E12 1.4963e+00 1.1435e-11 9.2162e+00 9.0025e—-12
1.0E15 1.4975e+00 7.9905e—-12 9.2830e+00 8.9734e-12

SKON formulation is due to the strong enforcement of the orthogonality condition, Eq. (36), and its fulfillment of the zero mean
condition, Eq. (63), both of which are violated by the KOS formulation.

To test dependence on the relative position of the discontinuity inside elements, we repeat the analysis with the horizontal
discontinuity at z = 0.51 m using the same meshes and stiffness values. Fig. 8 shows the normal cohesive traction along the
interface for the case with 1.0e9 GPa/m. Table 2 reports the discrete errors. SKON’s error remains at round-off level on both meshes.
KOS errors increase notably relative to the z = 0.50 m case, especially on the structured mesh, confirming sensitivity to interface
placement. This also explains the higher amplitudes observed in the KOS formulation for both discontinuity placements using the
unstructured mesh.

Across all tests, the difference in total execution time between the KOS and SKON formulations remained below 1%. Therefore,
the SKON formulation could be used without any significant increase in computational expense.

4.2. Horizontal fracture subjected to compression under a stick condition

This example has been used in both XFEM [60,61] and E-FEM [41] literature. Geometry and boundary conditions are shown in
Fig. 9(a). The clamped supports produce a non-uniform compression state.

12
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Fig. 8. Normal cohesive stress (kPa) in the discontinuity surface located at z = 0.51 m: (a) Structured mesh with KOS formulation; (b) Structured
mesh with SKON formulation; (¢) Unstructured mesh with KOS formulation; (d) Unstructured mesh with SKON formulation.

3 0.1lm =— 0.00
—-0.02

— -0.04

l -0.06
[ -0.08
-0.10

Fig. 9. Block of 1 x 1 x 1 m with horizontal discontinuity surface: (a) Geometry and boundary conditions; (b) z-component of the displacement
field displayed in the deformed configuration.
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The same finite element meshes used in the previous example (Fig. 6) were adopted. For each mesh discretization, the problem
was solved with both KOS and SKON embedded formulations. The normal cohesive stress field over the discontinuity plane is
presented in Fig. 10. It is observed that for both discretizations, the SKON formulation provided a smooth normal cohesive stress
field. On the other hand, the KOS formulation has led to spurious oscillations, which are amplified by the unstructured mesh.

Fig. 11 presents the normal cohesive stress profile along the middle of the discontinuity plane and compares the solutions with
those obtained with the DFM.
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Fig. 10. Normal cohesive stress (kPa): (a) Structured mesh with KOS formulation; (b) Structured mesh with SKON formulation;(c) Unstructured
mesh with KOS formulation; (d) Unstructured mesh with SKON formulation.
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Fig. 11. Normal cohesive stress profile along x at y = 0.5 m: (a) Structured mesh; (b) Unstructured mesh.

Fig. 11 shows that SKON recovers the non-uniform compressive stress and matches the DFM reference. By contrast, KOS exhibits
spurious oscillations, as in Section 4.1. Their larger amplitude on the unstructured mesh reflects KOS’s sensitivity to the discontinuity
position within elements.

4.3. Horizontal fracture subjected to compression and shear under a stick condition

The geometry and boundary conditions are shown in Fig. 12(a) [57,63]. A plane strain condition is assumed. Four finite element
types are tested: linear and quadratic triangular and quadrilateral elements, following the discretizations shown in Figs. 12(b) and
12(c).
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Fig. 12. Square domain of 1 x 1 m with a horizontal fracture under combined shear and compression: (a) Geometry and boundary conditions;
(b) Triangular mesh with 6828 elements, 3413 nodes for linear interpolation (tri3), and 13,449 nodes for quadratic interpolation (tri6); (c)
Quadrilateral mesh with 3391 elements, 3288 nodes for linear interpolation (quad4), and 9762 nodes for quadratic interpolation (quad8).
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Fig. 13. Cohesive stresses along the discontinuity with the KOS formulation: (a) Normal cohesive stress and (b) Shear cohesive stress.

Table 3
Discrete L? relative error of the normal and shear stresses along horizontal fracture subjected to compression and
shear under a stick condition.

Element type Normal stress Shear stress

KOs SKON KOs SKON
tri3 1.114405E+00 1.954446E—-02 1.070511E+00 1.953698E—-02
tri6 6.528774E-01 6.520195E-03 6.618904E—-01 6.219319E-03
quad4 5.115037E-01 1.250764E—-02 4.173368E-01 1.178531E-02
quad8 4.351861E—-01 5.868543E-03 4.117455E-01 5.496001E-03

Figs. 16 and 17 show the normal and shear cohesive stresses along the discontinuity using both KOS and SKON formulations
for all four element types, respectively. For the normal component, we also include the solution reported by Liu et al. [41], which
uses a non-local (smoothed) KOS embedded formulation. A reference solution is once again generated using a DFM with interface
elements and a structured mesh composed of linear quadrilateral elements with a size of 0.02 m. Table 3 reports the discrete relative
errors.

The results in Fig. 13 and Table 3 indicate that the KOS formulation produces spurious oscillations for all element types, with
the largest errors observed for the linear triangular element. In contrast, Fig. 14 demonstrates that the SKON formulation effectively
mitigates these oscillations for all tested elements. While both linear (tri3, quad4) and quadratic (tri6, quad8) finite elements yield
cohesive stresses that closely match the reference DFM solution, quadratic elements provide slightly smoother stress profiles. Overall,
the consistency between the E-FEM results and the reference DFM solution confirms the accuracy and robustness of the SKON
formulation for reliably modeling cohesive stress distributions under stick conditions.

15



Appendix A. Publications included in the compendium 140

D. Cavalcanti et al. Finite Elements in Analysis & Design 253 (2026) 104485

0 400 T T T
tri3 .
—~ =200 |~ ~ ~tri6
) B
& quad4 =300 1
= L - quad8 &
< 400 - DFM \2{
5 O Liuetal. (2024) @2
2 600 S200¢ 1
—_ n
S [ tri3
é -800 'q;j - - -tri6
ZO % 100 - — — —quad4 1
-1000 < quad8
- DFM
-1200 0 - - - -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Longitudinal Coordinate (m) Longitudinal Coordinate (m)

() (b)

Fig. 14. Cohesive stresses along the discontinuity with the SKON formulation: (a) Normal cohesive stress and (b) Shear cohesive stress.
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The SKON results for the normal cohesive stress, Fig. 14(a), closely match the non-local KOS solution reported by Liu
et al. [41]. Thus, under stick conditions, SKON achieves a comparable level of traction smoothness while eliminating the additional
computational cost associated with non-local regularization.

4.4. Horizontal fracture subjected to compression and shear under a slip condition

The geometry, boundary conditions, and finite element meshes are identical to those used in the example presented in Section 4.3.
To induce a slip condition, the shear cohesive stiffness is reduced to 1.0e—3 GPa/m, as shown in Fig. 15. Therefore, the tangent
cohesive constitutive matrix, T4, presented in Eq. (70), is anisotropic.

Figs. 16 and 17 show the normal and shear cohesive stresses along the discontinuity using both KOS and SKON formulations for
all four element types, respectively. The same DFM used in Section 4.3 acts as the reference solution. Table 4 reports the discrete
relative errors.

As in the case where the stick condition is imposed, here too the SKON formulation yields smooth cohesive stress distributions,
while the KOS presented high amplitude spurious oscillations. Observe that the use of linear interpolation finite elements increases
very slightly the level of noise in the shear cohesive stresses, which corresponds to the component associated with the low cohesive
stiffness. However, the amplitude of this noise is negligible. Once again, employing quadratic finite elements eliminates even this
noise, leading to smoother solutions that match the DFM result.

Using linear quadrilateral elements, we conducted a mesh-convergence study. Besides the mesh in Fig. 12(c) (3391 elements),
three additional meshes with 1000, 13155, and 51837 elements were analyzed. Table 5 reports the discrete L2-relative error with
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Table 4
Discrete L? relative error of the normal and shear stresses along horizontal fracture subjected to compression and
shear under a slip condition.

Element type Normal stress Shear stress

KOS SKON KOS SKON
tri3 1.113040E+00 9.879368E-03 5.763900E—04 4.246665E—04
tri6 6.463622E—-01 6.665083E—-03 1.979567E-04 8.711183E-06
quad4 4.599423E-01 2.455538E-03 3.852615E-04 6.228178E—-04
quad8 4.220712E-01 5.871546E-03 1.481302E-04 2.669716E—-05

respect to the DFM solution. The SKON normal-traction error decreases monotonically with refinement, whereas the KOS normal-
traction error increases. For shear tractions, KOS errors decrease with refinement, and SKON shows a non-monotone but overall
decreasing trend, reaching a similar magnitude at the finest mesh. It is worth noticing, however, that in this example, the behavior
of the shear tractions is several orders smaller, making them less informative for assessing oscillations.

4.5. Inclined fracture subjected to compression under a slip condition

This problem is used in the literature to assess the capability of the formulation to represent frictional sliding based on Coulomb’s
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Table 5
Mesh-convergence for quad4 elements. Discrete L-relative error of fracture-normal and shear tractions, evaluated
along a horizontal fracture subjected to combined compression and shear under a slip condition.

Number of elements Normal stress Shear stress

KOs SKON KOs SKON
1000 1.485834E-01 2.911571E-03 2.336703E-04 1.724564E-04
3391 4.599423E-01 2.455538E-03 3.852615E-04 6.228178E-04
13155 3.541351E-01 1.397399E-03 1.385180E—-04 2.812501E-04
51837 4.245659E—-01 1.208483E-03 1.007622E-04 1.116127E-04
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Fig. 18. Geometry and boundary conditions of 1 x 1 m domain with an inclined fracture [57].
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Fig. 19. Horizontal displacement component in the deformed configuration: (a) 4 = 0.21 and (b) x = 0.19.

law [41,57,63,106,107]. The geometry and boundary conditions are presented in Fig. 18. The same meshes from Section 4.3 are
used.

Here, the Young modulus is 1 GPa, the Poisson ratio is 0.3, and both the normal and shear cohesive stiffness values are set to
1.0e7 GPa/m. Plane stress conditions are assumed. An elastoplastic cohesive model based on the Mohr—Coulomb yield criteria is
adopted [52,108]. Two values of the friction coefficient, u, are considered, one lower and one higher than the fracture inclination.
As expected, Fig. 19 shows that the discontinuity remains in the stick condition for x = 0.21, and it reaches a slip condition with
pn=0.19.

We highlight that both SKON and KOS formulations accurately capture this global behavior. Fig. 20 shows that the horizontal
displacement fields over the continuum are identical for both formulations in both cases.

Despite being capable of properly representing the global behavior, the KOS formulation leads to spurious oscillations even
when the model is in the stick condition (¢ = 0.21), as shown in Fig. 21. In contrast, the SKON formulation accurately captures the
constant stress state along the discontinuity.

However, under the slip condition, the SKON formulation no longer produces a smooth cohesive stress field along the
discontinuity. Fig. 22 illustrates the cohesive stress distribution obtained using different finite element types. In this case, the use of
higher-order interpolation elements proves insufficient to eliminate the oscillations, which indicates that they result from missing
kinematic modes associated with the discontinuity. Nevertheless, it is important to highlight that the amplitude of these oscillations
remains significantly smaller than those observed with the KOS formulation.
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Fig. 20. Horizontal displacement profile over the continuum mesh along y at x = 0.5 m: (a) 4 = 0.21 and (b) 4 = 0.19. Solutions using linear
triangular finite elements.
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4.6. Fault reactivation assessment

This study investigates a fault reactivation model based on the one analyzed by Cappa and Rutqvist [109]. Cavalcanti et al. [52]
addressed this problem using a fully coupled hydromechanical embedded finite element formulation and reported that due to
spurious oscillations in the cohesive stresses, the fault could prematurely reactivate. In this previous study, the KOS formulation
was used. Therefore, in this work, we investigate the application of the SKON formulation to the same problem. The geometry,
boundary conditions, and finite element mesh used in the reference DFM are presented in Fig. 23.

The continuum model is assumed linear elastic, with a Young modulus equal to 10 GPa and a Poisson ratio equal to 0.25. The
fault is elastoplastic, with a cohesive stiffness equal to 5.0 GPa/m, friction angle equal to 25°, dilatancy angle equal to 20°, and
zero cohesion. The simulation consists of applying a total pore pressure increment of 15 MPa over the course of 5 years on the left
side of the reservoir with respect to the fault. The pore pressure and stresses are initialized considering a hydrostatic state, with the
specific water weight equal to 10 kN/m?, the solid specific weight equal to 22.7 kN/m?, and the Earth pressure coefficient equal to
0.7. The pore pressure field acts on the finite element model as an equivalent external force vector, as presented in Appendix A.

Two finite element meshes using linear quadrilateral finite elements are used, one structured and one unstructured, as shown in
Fig. 24.

Fig. 25 shows the normal and shear cohesive stresses along the fault using E-FEM with both meshes and compares them with
the solution obtained using the DFM.

The results in Fig. 25 show excellent agreement with the reference solution and no spurious oscillations with both meshes.

We also analyze the evolution of the slip tendency parameter (ST), Eq. (76), at the fault point on the top of the reservoir layer.
Fig. 26 shows that a similar trajectory is obtained by the two E-FEM meshes and the DFM. In the three of them, the reactivation at
this point of the fault is reached for the same pore pressure increment.

[tq - m|
ST = (tq - ng) tan(25°) 76)
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5. Conclusions

This work presented a series of numerical experiments to assess the behavior of the cohesive stresses at discontinuities using
embedded finite element formulations based on the Strong Discontinuity Approach. The examples explore the use of different types
of finite element and cover both stick and slip contact conditions. Based on the results obtained, we reach the following conclusions:

The SKON formulation provides a smoother cohesive stress field by enforcing the local equilibrium of the discontinuity in a
strong sense.

Under stick conditions, the SKON formulation consistently produces a smooth cohesive-stress field for all finite-element types
tested, on both structured and unstructured meshes.

Under slip conditions governed by a frictional contact law, SKON may exhibit small-amplitude oscillations that persist
even with higher-order bulk interpolation. This behavior is consistent with previous observations for conventional interface
elements, where anisotropic cohesive laws or strong penalty enforcement can induce similar artifacts [76]. In this regard, a
non-local formulation may serve as an effective alternative [41].

The SKON formulation proves to be a viable approach for modeling stress changes and assessing fault reactivation risk induced
by injection processes, without requiring special mesh configurations, as previously reported for the KOS formulation by
Cavalcanti et al. [52].

For problems involving lower-order discontinuities, such as material interfaces, the boundary conditions are identical to those
of a strong discontinuity under a stick condition. Therefore, the SKON-based formulation is sufficient to guarantee a smooth
cohesive stress field.
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Future work will extend the present comparison of SDA-based E-FEM formulations to convergence analyses of the nonlinear
solution scheme for large-scale, application-driven 3D non-linear problems. It will also assess additional deformation modes that
admit discontinuous bulk strains inside the element (weak discontinuities) as an alternative to further reduce the small oscillations
observed for SKON under the slip condition.
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Appendix A

To incorporate the hydromechanical forces due to the presence of a pore pressure field in the domain, we consider a saturated
porous media and apply Biot’s stress decomposition [110,111],

ZWa)=2"d a) -pl, 77)

tg (@) =t} (@) - pgng, 78)

where p is the pore pressure field in the continuum domain and p, is the pore pressure field within the discontinuity. These pore
pressure fields are discretized as follows

p(x) =N, () p. (79)

pa (®) = Ng (0 p. (80)

where Nj, (x) is the row vector of shape functions associated with the pore pressure field in the bulk domain, and Ng (x) is the row
vector of shape functions defined on the discontinuity surface.
Substituting Eqgs. (77)-(80) into the system (65) leads to
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Appendix B. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.finel.2025.104485.
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B
Elastoplastic cohesive law

This appendix summarizes the elastoplastic cohesive law adopted in
this work and its return-mapping algorithm. The formulation closely follows
classical small-strain plasticity, with the cohesive traction vector t4 playing
the role of a stress vector and the displacement jump [u] playing the role of a

strain-like measure.

B.1
Elastic law and yield functions

For a linear-elastic law, the cohesive tractions are

tq = T§ [u], (B-1)
where
kq 0 O
TCl =10 ks2 01, (B_2>
0 0 k,

with kg1, ke and k, being the elastic shear and normal cohesive stiffnesses,
respectively.
The adopted yield criterion is a combination of the Mohr—Coulomb

surface, fuc,
fuc = |ts| + ta tan ¢ — ¢, (B-3)
and a tension cut-off, frc,

fTC :tn_fta (B_4)

where ¢ is the friction angle, ¢ is the cohesion, f; is the tensile strength, and
ts is the resultant shear cohesive traction. For 2D problems t, coincides with

the tangential component of the traction vector, while for 3D it is given by

te = \V t512 + t522- (B_5)

The present model does not include any hardening, so the yield functions do
not depend on internal variables.

The traction space t, — tg, is split into four regions:
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Figure B.1: Return mapping to an admissible state: (a) Elastic region, (b)
return to the Mohr—Coulomb yield surface, (c¢) return to the tension-cutoff
surface, (d) return to the intersection between the two surfaces.

The plastic potential associated with the tension cut-off is taken equal
to its yield surface, gr¢ = frc. For the Mohr—Coulomb surface, to account for

dilatancy, the plastic potential is chosen as
gue = |ts] + tn tane — ¢, (B-6)

where ¢ is the dilatancy angle. The model is associative for the tension cut-off
and non-associative for the Mohr-Coulomb branch when ¢ # ¢.

Assuming small displacements and small strains, the displacement jump
vector is additively decomposed into an elastic part, [u]]®, and a plastic part,

[u]P, as
[u] = [u]® + [u]”. (B-7)

The cohesive traction depends only on the elastic part of the displacement
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jump and is given by

ta = Tg ([u] — [u]®). (B-8)

B.2
Return to a single surface

For a single active surface (either Mohr-Coulomb or tension cut-off),
the evolution of the plastic part of the displacement jump is governed by the

non-associative flow rule

L 99

[l = A2, (5-9)

where \ is the plastic multiplier rate and ¢ is the active plastic potential.
The loading—unloading conditions are expressed by the Karush—Kuhn—Tucker

relations
with f denoting the active yield function (either Mohr—Coulomb or tension
cut-off).

Using a backward-Euler time integration, the updated plastic part of the
displacement jump is

ag(n+1)
oty

where A\(,41) is the increment of the plastic multiplier in the current step and

[[u]]l(anrl) = [[u]]?n) + AX@nt1) (B-11)

the gradient is evaluated at tq(,41).
The elastic predictor (trial state) for the cohesive traction is computed

as

65 = T8 ([u)nry) — [u]f,) (B-12)

and the corresponding trial value of the active yield function is fiel = f(trial).
If fiial <0, the step is elastic and AXnt1) = 0. Otherwise, a plastic correction
is required and a return mapping to the yield surface is performed.

For a plastic step, inserting (B-11) into (B-8) gives the updated traction
as

99(n+1)
oty

td(n+1) - t&rial — A)\(n+1) Tgl (B—13)

For perfect plasticity, a closed-form expression for the plastic multiplier
increment A)(,11) can be obtained by linearizing the consistency condition

around the trial state,
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T
~ ftrial af(”‘H) t . ttrial =0 B-14
Sy = [+ "oty ( d(n+1) — 4 ) =0, ( )

and substituting the plastic correction, which leads to

ftrial

af(n+1) ! el ag(nJrl) .
Otg 4 Oty

A)\(n+1) - (B—15>

This expression is the cohesive analogue of the classical closed-form return-

mapping formula for perfect plasticity.

B.2.1
Consistent tangent for a single surface

The consistent (algorithmic) tangent is defined by
dtagni1) = T d[u] i), (B-16)

and is obtained by linearizing the fully discrete update, in analogy with small-
strain plasticity [178].

Starting from the backward-Euler flow rule (B-11), and recalling that
09(n+1)/0ta depends on tyg,41y, its differential reads

629(714—1)
o2

9Yn
dtd(n+1) + dA)\(n+1) M, (B—l?)

AMul?, ) = A o

(n+1

where 82g(n+1) /Ot? is the Hessian of the plastic potential at ta(nt1)-
Differentiating the cohesive law (B-8) at step (n + 1) gives

dtagnen) = T4 (d[u] i) — d[ulf, ) - (B-18)

Substituting (B-17) into (B-18) and rearranging terms leads to

ol L AN 829(714,-1) d d dAN Gg(nﬂ)
(T) "+ Dy 55 | dbaguen) = dluleny =dBNery =5 (B-19)
d d

The algorithmic cohesive moduli are then introduced as

1 62g -1
) o el (n+1) _
Ea(ni1) = ((Td) Dy~ ) , (B-20)
so that
dbtam+1) = Edn+1) (d[[u]](n+1) — dAX i1y (,;t:; )> : (B-21)

The consistency condition at the end of the step, fny1) = f(tams1)) =0,

implies
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of i
dftns1) = ( 5:3”) dtami1) = 0. (B-22)
Substituting (B-21) and solving for dAX,11) gives
) =
(5;”) :'d(nJrl)d[[u]] (n+1)

dAN i1y = LA . (B-23)

v\ = 99n+1)
th —d(n+1) Otd

Inserting this result back into (B-21) yields

T
a9(n+1) <8f(n+1)> Ed( o

Ed(n+1)

_ Otq Otq
dtan1) = |Bam+1) — - d[u]nt1). (B-24)
Ofmin)) o 99nt1)
Oty At ) o

Therefore, the cohesive algorithmic tangent matrix associated with the return

to a single surface is

(1]

.
- 09(n+1) <8f(n+1)>

d(n+1) ot ot d(n+1)
T = Eqni1) — d d (B-25)
d (n+1) T
af(n+1) _ 89(n+1)
ota ) A T He,

In the elastic regime (f*™2 < 0), no plastic correction occurs and T = T¢.
For completeness, the gradients of the yield and plastic potential func-

tions with respect to the cohesive traction vector for the Mohr—Coulomb are

tsl tsl
tvr ST
Ofwc _ | 5 Igvc _ | £ (B-26)
Otq to ’ Otq tor ’
tan ¢ tan
and for the tension cut-off are
af 0 0
TC grc
Otq Otq 0 ( )
1
The Hessian matrix of the plastic potential surfaces are
t§2 tslts2 0
32 g N tgr 82 000
PC _ | tate 1] 7 91 _ |y o o (B-28)
sr sr 000

0 0 0
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In 2D problems, the expressions above reduce by dropping the second shear

component.

B.3
Return to the intersection

When both the Mohr-Coulomb and the tension cut-off surfaces are
active at the end of the increment, the plastic correction involves two plastic
multipliers. The flow rule at the intersection is written as [179]

0 . 0
gMcC + e grc

. p — N
[a]" = Auc Dty Oty

(B-29)

with Amc and Mo denoting the plastic multiplier rates associated with each
surface. At the intersection, both yield functions are active, fyc = 0 and
frc = 0, and both plastic multipliers are nonzero.

Using a backward-FEuler integration, the plastic part of the displacement
jump is updated as

agTC(n—i-l)
oty

agl\/[C(n—f—l)

AXrcmn
Dt + AATC(n+1)

[u](, 1y = [ulf,) + Adice (B-30)

where AMic(ns1y) and Alpom41) are the plastic multiplier increments in the

current step. In terms of the elastic predictor t§2! the updated traction reads

ri ag n ag n
tamsn) = by — TY (A/\MC(n—i-l) %ﬂ) + AXTC(n+1) Tact(dm> . (B-31)

For perfect plasticity, the plastic multiplier increments are obtained from

the two consistency conditions linearized around the trial state,
f;rial = fa(t::iria1>7 ac {MC, TC}7 (B_32>
which leads to the following 2 x 2 system:

<anc ) ! el dgmc <8fMC > ' el dgrc

Otq d Otq Otq d Otq A>‘MC(H+1) . ﬁical
T T =\
dfrc el dgmc [ Ofrc el dgrc AN (nt) trial
d d
It ota \ Oty Ot L

(B-33)
whose solution provides the plastic multiplier increments associated with

the return to the intersection. The structure of the corresponding consistent
tangent follows the general multi-surface plasticity framework and can be
derived by linearizing the discrete update in a similar manner to the single-

surface case.



C
Enhanced deformation modes

This appendix presents the derivation of the enhanced deformation
modes considering a three-dimensional model and a displacement jump that is
linear in the in-plane local coordinates of the discontinuity surface, following
Armero and Kim [135].

C.1
Enrichment degrees of freedom

The displacement jump along the discontinuity in the discontinuity local

coordinate system, {m;, my, ng}, is defined as

ug" ag™t + sp o™ 4 s gt
h m m m m
ud(81782) - Ud2 == 0402 +$1 aq 2 +$2 Oéz2 (C-].)
uy ag + spaf + sy ay

For x € I'q, the local coordinates are s;(x) = m; - (X — Xpef), ¢ = 1, 2.

C.2
Deformation modes

In the following, the deformation modes associated with each enriched
DOF, «,,, are presented.

For the derivations, some vector identities are used:

(axb)xc=(a-c)b—(b-c)a,
(abT)c:(b-c)a.

C.2.1
Relative translation modes

The relative translation part of the enhanced displacement is written as

ﬁi‘r(x) = o my + o my + ag ng. (C-2)

This expression corresponds to a constant jump field, independent of x. The

coefficients ag, o'

and oq control, respectively, the tangential translation
along my, the tangential translation along my, and the normal opening/closure

across the discontinuity, as illustrated in Fig. C.1.
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(a) ag" (b) ag" (¢) ag

Figure C.1: Constant relative translation deformation modes

C.2.2
Rotation around m;

The mode associated with af represents a rigid-body rotation around

axis my, as shown in Fig. C.2. It is defined as

) (x) = of (m; x Ax)
= a4 ((m2 X ng) x Ax) ©3)
=y ((my - Ax)ng — (ng - Ax) my)
= oy (nd my, — m, ndT) Ax,

where AX = X — X,

Figure C.2: Rotation around in-plane vector m;

Cc.23
Rotation around m,

The mode associated with af represents a rigid-body type rotation
around ms, as shown in Fig. C.3. The sign is chosen so that, for x € I'y,
the induced normal jump has slope af with respect to s, consistent with the

o 3 n __ n n mn.
parametrization uj = o + $1 af + S2 5
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Up(x) = —af (my x Ax)
—af ((ng x my) x Ax) ()
= —af ((ngq - AX) m; — (m; - Ax)ng)
= —aof (m1 —ngm; ) Ax.

Figure C.3: Rotation around in-plane vector msy

C.2.4
Stretching

The modes associated with a]"* and «a4'? correspond to relative stretching

modes along the two tangential directions, as illustrated in Fig. C.4, and are
defined by

(a) o™ (b) ag™

Figure C.4: Stretching deformation modes
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C.25
In plane shear and rotation around the normal vector

The enriched DOFs o] and a3 generate mixed in-plane modes, that
couple the directions m; and my. They are defined as

The enriched DOFs of*? and a3 define a rotation around the normal
vector. However, it is not a pure rotation; it consists of a pure rotation with

an in-plane shear.

(a) o™ (b) 3"

Figure C.5: In plane shear and rotation around the normal vector deformation
modes

Decomposing the dyads into symmetric and antisymmetric parts yields

an additive split into an in-plane shear component and a rigid rotation about

ng:
ﬁr};ix(x) = ﬁﬁrot (X) + ﬁghear(x) (0_7)
where
~ 1
ughear(x) = (0/1712 + O‘gn) 5 (1’1’12 mlT + my m1T> AX, (C-8)

l"Vlﬁrot (X) = (aqnz - a;nl)

(mg m; —m, m1T> Ax (C-9)

DN | —



D
Discretized weak form

This appendix defines the sub-matrices appearing in the discrete residual
vectors of the governing equations after applying the finite-element approxi-

mation of the displacement and pore-pressure fields introduced in Sec. 4.6.

(b)) | [ B ) | [ () ]
Lo, (tnt1) £, (tns1) fo, (tns1)
rp (tnsr) | = | £5 (bnrr) | = | £5 (to1)
Tap (fn+1) fciyp (tnt1) i (tnt1)
Tpy (tnn) | (B, (Ban) | |5y ()|
00 Q' —Qupu | 0 11 dtn)]
0 —Qaup —Qauap _Qaupd Oy (tn+1)
+10 0 Hy, + Ly, Hpo, + Lia, —Lpp, P (tnt1)
0 0 Hyp+ Lo,y Hapo, + Laya, —Li,pg oy (tntt)
0 0 —Lipap —Lpa, Hppy + Lpdpd_ | Pd (tn+1)_
[0 O 0 0 0 | [ d(te)—d(t,) |
. 0 0 0 0 0 ay (the1) — oy (L)
+ At Qpu  Qpaw  Spp Spay 0 P (tns1) — P (tn)
Qopn Qapaw Sapp Sapap 0 oy, (tnyr) — o (tn)
_deu Qpian 0 0 Spdpd_ | Pd (tnt1) — Pa (tn) ]

D.1
Definition of the sub-matrices

The internal force/flow vectors fi are given by

£i :/QBuTz(s) dQ, (D-1)

fi— /Q GTX (e) d + /F Naa Tt dT, (D-2)
’

£ =0, (D-3)

f,, =0, (D-4)

fi =0. (D-5)

The external load/flow vectors ¢ account for gravity and prescribed
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Neumann data, and read

f;;:/ NuTtodF+/NudeQ,
Iy 0

k
£ = /QBpTluplng - [N, o,
1 N
-k N
£ :/QBguplng - /F N/ godl,
1 N
de = deT w @ £1 deg drl'.
Tq 1
The storage matrices, S, are

1
S, = /QNPTMNP do,

1 -
Spap = [ No" 37 Ny €,

1
-
Sap = /Q Ny Ny a9,
1 -
T
Sapap - /QNp MNP dQ,

w
Sos = /F d N, o Napdrl

161

(D-6)
(D-7)

(D-8)

(D-11)
(D-12)
(D-13)
(D-14)

(D-15)

The conductivity matrices Hqo associated with Darcy flow in the porous

matrix are
Hyp, = /Q Bp—r /ljl B, d€2,
H,, = /Q B, z B, dQ,
H, = /QEITILIZBPCZQ,
H, . = /Q BT ;Bp dQ,

(D-16)

(D-17)

(D-18)

(D-19)

(D-20)



Appendix D. Discretized weak form 162

The hydro—mechanical coupling matrices Q4o are

Qu.p = /Q G" amN, dS, (D-21)

Qovay = / G'amN,dQ, (D-22)
Q

Quups = [ Nau" fia Nyl (D-23)
d

_ / N, am' B, dQ, (D-24)
Q

Qpo, = [ Ny am By (D-25)
Q

Qopu = / N; am' B, dQ, (D-26)
Q

Qapau - / /N;)F amT Bu dQ; (D—27>
Q

deu = /F Ndew Iy Bu dF7 (D—28)
d

Qoo = /F N, BNy dT + /F Ny wr (B,) dT. (D-29)

where ry = r.(m;) + r.(my).
The flow-coupling matrices between the porous medium and the discon-

tinuity, Le,, are

L, = /F NI (k5" + ) N, dr, (D-30)
Lpo, = /Fd N," (KN§ + KN, dr (D-31)
L, = /F N (k5" + ki) Ny dT, (D-32)
L., = /F N (ki* + Ky ) N T, (D-33)
Loyar = . NT (KNG KNG (D-34)
Loy, = /F N (kS* + ki) Ny dT, (D-35)

L., = /F Nop KNy (D-36)
Ly, = /F Ny (ki N + k5N ) (D-37)

L., = /F Nap T by Ny dI” (D-38)
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where kY = k5T + k.

D.2

Derivatives of the residual vector with respect to the DOFs

The Jacobian blocks associated with r, are

%= 5 - [ BB
o = e = B0
%‘; — Q.

o = Q"

o, =0

where D is the bulk tangent constitutive matrix.
For r,,, the corresponding derivatives are

Org, B 8f}1u
od  od

_ / GTDB, dQ,
Q

of! ~
Ora, _ 0o, _ | G'DB. a0+ [ Ny TqNaydr,
ooy, ooy, Q Ty

or,,

8p = _Qaupa
or,,
87 = _Qauapa
p
or,,
—— = —Qaupa>
apd Pd

where Ty is the tangent cohesive matrix.

For r,, the corresponding derivatives are

or, 1
aid - Equa
or, 1
o, KtQpa“’

or 1
87}: = pr + Lpp + Ktsppv
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(D-39)

(D-40)

(D-41)

(D-42)

(D-43)

(D-44)

(D-45)

(D-46)

(D-47)

(D-48)

(D-49)

(D-50)

(D-51)
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or, 1
:Ha La Saa
Do, e T Hpe TRy See
or,
—— =-L_, ..
apd PPd

For r,,, the corresponding derivatives are

B ai%
gijz = Athapau,
aargp =Hg,p + La,p + Altsapw
gz: =Hapa, + Laya, + AltSapap,
(eradp = _Lappd'

For rp,,, the corresponding derivatives are

orp, 1

od A Bav
orp, 1
aau - Edeau?
or

811:1 = —Lyyp,
orp,

— =—L aps
Jay, Pdap

or,, 1

Opa = depd + Lpdpd + Ktspdpd'
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(D-52)

(D-53)

(D-54)

(D-55)

(D-56)

(D-57)

(D-58)

(D-59)

(D-60)

(D-61)

(D-62)

(D-63)



